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Abstract

Coordinate systems and frames used to describe the Green Bank Telescope, and
transformations relating them are reviewed. Effects of gravity loading elastic
deformations on coordinate frames and fiducial reference point locations are dis-
cussed. Laser rangefinder aiming corrections are calculated. Application of laser
rangefinder metrology to telescope pointing determination is discussed.



1. INTRODUCTION.

This memo is intended to define certain control points, fiducial reference points,
coordinate frames, and coordinate systems in those frames, which can be used
to describe the geometry of the Green Bank Telescope. It is hoped that the
memo will be a practical control document useful in defining and determining the
dynamic location and orientation of laser ranging stations, receivers, and other
objects mounted on the telescope feed arm.

The GBT may be considered a structural assembly composed of linked sub-
structures. Individual substructures have limited degrees of freedom to move with
respect to one another, and may flex elastically and dynamically, under the influ-
ence of weight loadings. To measure the dynamic geometry of the telescope by
means of laser ranging we require mathematical local reference frames and local
coordinates to describe the position and orientation in-the-large of each major
substructure. We need to create physically measurable fiducial points on the sub-
structures in order to allow measurements to be made of sufficient sample points
to determine substructure location and orientation for the physical telescope. We
also need to define structural and geometric frame control points to extend the
geometric description of the ideal telescope to include change of shape of substruc-
tures when the GBT finite element model is used to predict the altered geometry
of the telescope caused by gravity-induced elastic deformation.

The description of the telescope’s geometry has several levels. These levels are:
the reference optical telescope, the design telescope, the ideal tilted geometric
telescope, the ideal tilted deformed telescope, the as-built telescope, and the as-
measured telescope. We discuss these descriptions in the sections to follow.



2. THE REFERENCE OPTICAL TELESCOPE.

The reference optical telescope is just an optical design for a gregorian reflecting
telescope with offset optics. Its first optical element is an off-axis surface patch
on a paraboloid of revolution. This reflecting patch is designated as the “main
reflecting surface” of the telescope. A near-parallel source beam of radiation is
focused by this surface patch onto the focus point of the paraboloid, which is
designated as the prime focus point of the telescope. The second optical element
is an off-axis surface patch on an ellipsoid of revolution. This ellipsoidal patch is
designated as the ”subreflector surface” of the telescope. The physical structures
embodying these surface elements are called the main reflector and secondary re-
flector of the telescope. (Fig. 1).

One of the two foci of the ellipsoid of revolution is located at the prime focus
point, Fy. Radiation leaving the prime focus is reflected by the subreflector surface
to the other ellipsoid focus, Fj, the gregorian focus of the telescope (also called
the M1 focus). The line through the two foci is the major axis of the ellipsoid.

The paraboloid and ellipsoid axe intersect at the prime focus point, which is
a common focus of those two quadric surfaces. These axes intersect at an angle
B (0 < B << 90°). The plane passing though them defines the “tangential optical
plane”. Each surface patch is defined furthermore to be generated by the inter-
section of a plane perpendicular to the tangential plane with its defining quadric;
such a plane cuts off a surface patch which is symmetric with respect to the tan-
gential optical plane. The tangential optical plane is then a plane of symmetry of
each reflecting surface and bisects it, and is also a unique plane of symmetry of
the telescope. Let I; be the point in the tangential optical plane which defines the
mid ray of the tangential fan of rays from the gregorian focus to the subreflector
surface.

The gregorian focal plane of the optical telescope passes through the focus F}



and is perpendicular to the ray I;F;. The rays I} F; and Fpl, can be considered
to define a (folded) optical axis of the telescope.

In a physical embodiment of the telescope the gregorian focal plane will coin-
cide with flat machined surfaces of flanges attached to the receiver room turret’s
platter structure. The platter axis will be aligned perpendicular to the flanges and
the focal plane. The flanges mate to flanges on the individual receiver support
mounts. The platter flange centers, ideally, lie on a 56 inch radius circle centered
on the turret axis, offset 56 inches from the gregorian focus. The receivers are
rotated as required to the gregorian focus.

The turret platter is provided with eight receptacles on its perimeter, one for
each receiver assembly. Each receptacle has three feed positioning slots ( for the
cardinal feed position, and three degrees on either side of the cardinal position).
An index pin and motorized actuator is mounted on the ceiling of the feed room
diametrically opposite the active feed. The receiver feed is locked into position
by driving the index pin radially inward towards the turret axis, and engaging a
slot on the appropriate receptacle.

The telescope’s optical design is defined by the following parameters:
The focal length, fp, of the paraboloid.

The angle, 8 , between the ellipsoid and paraboloid axes.

The eccentricity, e , of the ellipsoid.

The spacing, 2f, , between foci of the ellipsoid.

A N .

The offset angle, o, from the ellipsoid major axis, of the mid ray of the
tangential plane ray fan from the gregorian focus to the subreflector..

6. The half-angle, O , of the tangential plane ray fan from the gregorian focus
to the subreflector surface.

7. The half-angle, ©*, of the tangential plane ray fan from the prime focus to
the intersection of the main reflector surface with the tangential plane.

8. The offset angle, B¢, from the paraboloid axis, of the mid ray of the tan-
gential plane ray fan from the prime focus to the parabolic arc intersection
of the main reflector surface.



The reference optical design has been specified by Norrod and Srikanth in
GBT Memo 155 [Nor-1]. The exact parameters of the optical telescope specified
in this memo are:

fo 6000 cm
p 5.570°

e 0.528
9f. 1100 cm
o 17.899°
On 14.99°
e* 42.825°
SN 39.005° .

When referring to the optical telescope we use the following notation. Let:
Vo denote the paraboloid vertex.
Fy denote the prime focus point, the common focus of the ellipsoid and paraboloid.
F, denote the gregorian focus point, which is the other focus of the ellipsoid.

I, denote the intersection point of the tangential plane mid ray from the gre-
gorian focus, with the subreflector surface.

a be the length of the major semi axis of the ellipsoid.

b be the length of the minor semi axis of the ellipsoid.
71 be the length of the ray FiI; .
T9 be the length of the ray Fpl; .
dsp be the perpendicular distance of point /; to the paraboloid axis.
hep be the projected length of ray Fyl; along the paraboloid axis.
dmp be the perpendicular distance of point-F} to the paraboloid axis.

hmp be the projected length of ray FoF) along the paraboloid axis.
9 be the angle F()IIFI .



The following geometric relations hold:
(2.1) a= Je )

e
(2.2) b=av1-—¢e?,
(2.3 ) r1+7r2=2a.
Applying the law of cosines to triangle FoFyI; and using (2.3 ) one gets
1
_ Je (z —e)

2. =
( 4) n 1—ecosa

, Te=2a—r1y.

Applying the law of sines to the same triangle one gets

(2.5) v =sin"! [(%) (sina)] .

By simple trigonometry,

(2.6) dgp =7y sin(a+v—0) , hyp=1y cos(a+vy—p) .
(27)  dmp =2/, sin(6) , g =2 fo co5()

The unit outward normal vector to the ellipsoidal surface patch at I; makes
an angle (%) +a with the ellipsoid’s major axis and makes an angle (:;—) +a-—p

with the paraboloid’s axis.

The derived parameters of the reference optical design are:



Derived Stated Value In Computed From (2.1)-(2.7)

Parameter GBT Document

o 410.106” (¥) 1041.6667 cm (410.1050”)
b 348.280” (*) 884.6296 cm (348.2794”)
T1 1510 cm (1) 1509.9158 cm  (594.4550” )
Tq 573 cm (1) 573.41748 cm (225.7549”)
. 36.127028°

dsp 429.200 cm (1) 429.1726 cm (168.9656”)
hsp 380.300 cm (1) 380.2874 cm (149.7194”)
@)+ 35.962514°

() +a-8 30.392514°

A 106.800 cm (1) 106.7680 cm ( 42.0346”)
b 1004.800 cm (f)  1094.8062 cm (431.0261”) .

The optical geometry of the subreflector is illustrated in Fig. 1.

* RSI Contractor’s Drawing 120730 .

1 GBT Memo 155

1 GBT Drawing C35102M081-Rev. B-Sheet 1. Design values on this drawing are
optical design values, rounded to the nearest millimeter.
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3. THE DESIGN TELESCOPE.

At the next level, the “design level”, geometric reference control for the telescope
is described by a set of design drawings, “Foci Arrangement And Coordinate Sys-
tems For The GBT”, NRAO drawing C35102M081, [King-1].

These drawings describe the telescope as an assembly of individual rigid sub-
assemblies: the alidade, feed arm together with the main reflector, prime focus
receiver mount, subreflector. The alidade rests on a rigid horizontal plane, which
represents the top of the alidade track.. The spatial relationship between the
subassemblies is defined for an ideal configuration of the telescope, which we call
the “design configuration”. The design configuration describes the telescope as an
ideal elevation-azimuth antenna at an elevation angle ELy,: = 90° and azimuth
angle AZg,: = 0°. A prime focus point, Fp, and a secondary focus point, Fj,
are defined for this ideal antenna. The ground and alidade track are represented
together by a horizontal plane. The optical geometry of the optical telescope is
embedded into the design telescope. An ideal main reflector surface, the “par-
ent paraboloid”, is defined for the configuration. This is just the main reflector
paraboloid, as defined for the optical telescope, embedded into the design con-
figuration. In like manner one defines the “parent ellipsoid” as the subreflector
ellipsoid for the optical telescope, embedded into the design configuration.

In the design configuration, six local coordinate frames have been defined, to-
gether with a local Cartesian coordinate system associated with each frame. Here
a frame is a set of three mutually perpendicular unit direction vectors based at a
well-defined point fixed to one of the rigid subassemblies (or the ground, in one
case) and is fixed in direction with respect to the geometry of this subassembly.
That is, each frame is considered to be embédded in a fixed way into a rigid solid
object.

Locations of the design telescope origin points are indicated in Fig. 2.



For the design configuration (ELgg; = 90°, AZypn, = 0°), the six frames are:

e Frame #1.
The Base Frame.
Origin Point - By
Unit Frame Vectors: X, Y, Z

e Frame #2.
The Alidade Frame.
Origin Point - 44 _
Unit Frame Vectors: Xag, Yad, Zua

e Frame #3.
The Elevation Frame.
Origin Point - Ey
Unit Frame Vectors: Yed, }Zd, Z e

e Frame #4.
The Reflector Frame.
Origin Point - Ry (= Vp)
Unit Frame Vectors: 5(\,,1, ?,d, Zea

e Frame #5.
The Prime Focus Frame.
Origin Point - Py (= Fp)
Unit Frame Vectors: Xpq, ?pd, Zpd

e Frame #6.
The Subreflector Frame.
Origin Point - S; (= I;)
Unit Frame Vectors: X, sdy Vs, Zsd
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The base frame must be related to the ground. We will introduce a new
frame, the “ground frame”, frame #0, after a control monument network has
been installed and surveyed. Its unit vector Xg will point horizontally east, unit
vector Y will point horizontally north (astronomical), unit vector Ze will point
up along local gravity vertical. Its origin point, Og, will be tied by the control
survey to the West Virginia state grid. The base and ground frames are distinct.
Effects of track waviness, alidade thermal expansion, structural distortion and
tilt will be included in the appropriate telescope model by including them in the
transformation matrices relating the alidade, base and ground frames.

The base coordinate system is Cartesian, with XY, Z axes respectively along
the X Y Z unit frame vectors. Its origin has coordinates:

(31) X(Bg)=0,Y(Bs) =0, Z(Bs) =0.

The azimuth axis of the design telescope is a line through the origin of the
base coordinate system, pointing along the Z axis. This design telescope axis
is considered to be embedded in the alidade structure, as the axis of the pintle
bearing. For the design configuration, the unit alidade frame vectors are:

(32a) Xpa=-X,Yu=-Y,Zu=2. The alidade origin is:
(32b) A;=Bg, X(A)=0,Y(A) =0, Z(A4) =0.

The point of attachment E; of the elevation frame. which is the origin of the
elevation coordinate system of the design telescope, lies on the azimuth axis:

(3.3a) X(Egq) =0, Y(E;) =0, Z(Ez) = h, =1900.000 inches.
For the design configuration, the unit elevation frame vectors are:
(33b) Xy=-X, Yu=-Y, Zu=2.
The elevation axis of the design telescope passes through E; and is directed

along X . Length h, is the design height from the top of the azimuth track to
the elevation axis.

13



The attrachment point Ry of the reflector frame is the origin of the reflector
coordinate system and is the vertex of the parent paraboloid of the design tele-
scope. Its base system coordinates are

(34 a) X(R4) =0, Y(Ra) =dre, Z(Ra) = (he + hre) ,

where d,, = 5843.911 cm, h,, = 499.999cm. For the design configuration, the
unit reflector frame vectors are:

(34b) Xyg=-X,Yu=-Y,Z4=7.
The equation of the parent paraboloid is:
(B4c) X% +Y2=(4fp)(Za) , where f, = 6000 cm.

The design telescope’s prime focus point, Py, is the point of attachment of the
prime focus frame, and origin of the prime focus coordinate system. It is the focal
point of the parent paraboloid, and is also one of the focal points of the design
ellipsoid surface of the secondary reflector (the parent ellipsoid). Its base system
coordinates are:

(3‘5 a) X(Pd) =0, Y(Pd) =dye, Z(Pd) = (h'e + hre + h'rp) cm,
where h,, = f; = 6000 cm.
For the design configuration, the unit prime focus frame vectors are:

(85b)  Xpu=—Y(cos45.5°) + Z(sin45.5%) ,
Ypa = +Y (5in45.5°) + Z(cos45.5°) ,
Zpd =-X.

The prime focus frame of the design telescope tilts exactly 45.5° to the axis of the
parent paraboloid (Fig. 3). This frame is used to describe motions of the prime
focus receiver mount. The frame is considered to be embedded in the prime focus
receiver mount. The optical prime focus point, Fp , is coincident with the origin
of the prime focus frame, P; . We consider the optical prime focus to be distinct

14



from the origin of the prime focus frame; the latter point is considered to be a
reference point embedded in the prime focus receiver mount and moves together
with this mount.

The gregorian focus of the parent ellipsoid is located at:
(35 C) X(Md) e 0, Y(Md) = (d,-e + dmp) s Z(Md) = (he + hre + h/rp - hmp) .

Distances dmp = 106.800cm and hy,, = 1094.800cm are called out on the
reference drawing [King-1]. The distance between the two ellipsoid foci is
|Pa Ma| = 2 fea = (/h%, + dZ,, . If one used these values, which are the reference
optical values rounded to the nearest millimeter, one would obtain a distance from
the design ellipsoid’s center to either focus as f. = 549.9985cm, rather than the
exact value of 550 cm specified by the reference optical design. The geometry of
the gregorian ellipsoid surface as approved for manufacture is specified by RSI
contractor’s drawing 120730, sheet 3.

In the March 1996 updated optical design, [Nor-1], the distance between focal
points Fy and Fj is specified to be exactly

|Fo Fi| =2 f. = 4/h%, +d%, =1100 cm.

The angle o, with vertex Fj, between the segment I; ] and the major axis
of the design ellipsoid (the line Fy F} ) is defined to be exactly 17.899°.

Distances drp and Ay should be: d,, = 1100sin 8 cm and hp,, = 1100 cos 3
cm, to locate the gregorian focus correctly relative to the parent paraboloid. These
distances, computed previously for the reference optical telescope, are slightly dif-
ferent than the values called out in [King-1]. For the design telescope we will use
the derived values for the optical reference design in [Nor-1], rather than the ear-
lier values called out in [King-1], which are the optical design values rounded to
the nearest millimeter.

The point of attachment Sy of the subreflector frame of the design telescope,

which is the origin of the subreflector coordinate system, has base system coordi-
nates:
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(36 8) X(S2)=0, Y(S) = (dre+dep), Z(Sa) = (he+ hre + hup + hys).

Values dgp = 429.200 cm, hys = 380.300cm are called out in {King-1] . Again,
here we will also use values implied by the reference optical telescope for the de-
sign telescope

For the design configuration, the unit subreflector frame vectors are:

(36b) Xua=-¥(cos36.7°) + Z(sin36.7°) ,
Yo = +Y (sin36.7°) + Z(cos 36.7°) ,
st =-X.

In the design telescope, the subreflector frame tilts exactly 36.7° to the parent
paraboloid’s axis (Fig. 3). This frame’s orientation is selected to describe motions
of the subreflector. The frame is considered to be embedded in the subreflector
mount structure. The X,q direction is along the common nominal direction of
the axes of Stewart platform actuators #4, #5. The Y4 direction is along the
common nominal direction of the axes of actuators #1, #2, #3. Note that ¥4
does not point along the normal to the subreflector surface at Sy .

The gregorian focus point of the design telescope, Fj, happens to lie on the
point of origin, M, of the subreflector frame. We consider the optical prime focus
point to be distinct from the origin of the subreflector frame; the latter point is
considered to be embedded in the subreflector support structure and move to-
gether with that structure.

Besides the six local reference frames defined by drawings C35102M081, other
local reference frames may be useful for describing the GBT. Frames associated
with the gregorian design ellipsoid, feed turret platter, individual receivers, and
receiver room will be defined.

The additional reference frames are:

e Frame #T7.
The Gregorian Ellipsoid Frame.
Origin Point - CE,4 Q\/ﬁdgointﬂof ray FoF1).
Unit Frame Vectors: X4, Yeq, Zcq
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The point of attachment, CE; , of the gregorian ellipsoid frame is the center of
the parent ellipsoid, which is the midpoint of the line segment between foci M; and
P;. The frame vector Xgq is directed from the ellipsoid center CEq4, along the
ellipsoid major axis towards Py, the common focus point of the ellipsoid and the

Am
parent paraboloid. The angle § = tan‘l( ) = 5.57°. For the design config-

uration the unit gregorian ellipsoid frame vectors and the origin are then given by:
(3.7)

)’(:cd = ——f(sinﬂ) + :Z:(cosﬂ) , X(CE4q) =0
Yu= +}”\(cos B)+ Z(sinf) , Y(CEq) = (dre + (dmp/2)),

Za=-X , Z(CEa) = (he + hre + hap — (hmp/2)) -
Frame #8.

The Turret Frame.
Origin Point - T} S
Unit Frame Vectors: X4, Yia, Zta -

(3.8.1)

X = =Y (cos(a - B)) + Z(sin(a - B)) ,
Ytd = +Y(s1n(a B)) + Z(cos(a — B)) ,
Z = —X where a = 17.899° | 8 = 5.570°.

The turret frame is embedded in the platter. The origin, T}, is intersection
point of the platter’s flange plane with the turret axis. The Y4 axis is defined to
coincide with the platter axis, outwards from the platter. In the design telescope,
the Yi; axis points coincidentally along the central optical ray MySy. The X4
axis is perpendicular to the Y, axis, and lies in the plane of the receiver flanges.
It points in a radially outward direction to the receiver circle. It would be conve-
nient if it also were in the telescope’s plane of symmetry and pointed towards the
main reflector when the index pin in the feed room ceiling was engaged, so the
phase center of one of the receivers (which we arbitrarily choose to be the L-band
receiver, N1), the origin point Ty , and the center of the engaged index pin slot
were all co-linear. [The receiver flange on the platter could have locating pins,
set precisely so that the midpoint between the hole centers on the mating feed
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horn mount flange surface was the phase center of the inserted L-band receiver.
To accomplish this one would need a survey of the receiver house and platter, to
determine locating pin hole centers on the platter flanges.]

The gregorian focus M; and the turret origin point T4 each lie in the plane of
symmetry of the telescope and the gregorian focus plane. They are separated by
a distance d,,; = 56 inches (142.240 cm), which is the radius of the receiver circle
on the turret. Considering the locations of these points as described by position
vectors, with respect to an arbitrary origin, we have, for the design telescope:

(3.8.2)
=¥ - xr . .
My= T ;+ (dme) - (Xia) , which gives
X(T) =0, Y(Ti)=dre + dmp+ (dme) cos(a — f)
Z(Ty) = he + hre + hyp — By — (dne) cos(a — B) .

Frame #9.
The Receiver House Frame.
Origin Point - Hy
Unit Frame Vectors: th, Yhd; Zhd

This is a frame embedded in the receiver house structure, used to describe
the location and orientation of the feed room. To physically realize this frame
and make use of it, the receiver house and the rotating turret platter should each
be provided with fiducial marker survey targets. During initial alignment of the
GBT, the receiver house should be positioned so that the turret axis becomes par-
allel to the desired central optical ray from subreflector to gregorian focus, and
displaced from it by distance dp,:. The center of each receiver’s locating flange,
when rotated to the active position, should lie on the symmetry plane of the tele-
scope. To achieve the latter requirement, the plane in the receiver house defined
by the platter axis together with the center point of the index pin mounted on the
ceiling of the feed room should coincide with the symmetry plane of the telescope.

The unit frame vector ] Yha should lie parallel to the turret axis. The plane
defined by frame vectors Xy and X4 should be parallel to the plane defined by
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the center of the index pin and turret axis. The origin point Hy should be a point
in the feed room at the center of a survey target in a survey target bushing affixed
rigidly to the house structure. That is, Hs and other fiducial markers tied to the
house structure, both inside and outside, should generate a local survey control
net to tie the platter, receiver locating flanges, receiver house structure to one
another and to the outside world.

e Frames #10.1 to 10.8.
Receiver Flange Frames.
Origin Points - N;
Unit Frame Vectors: Xp;, Yni, Zn: (1 =1, ... ,8).

These are frames embedded in the mount flanges for the individual receivers
and their feed horns. The flange for each receiver module should be provided with
two pin holes which insert into locating pins on the mating turret platter flange,
to position the receiver flange with respect to the turret. Ideally, the pins on the
platter flange should be oriented so that each feed horn’s phase center could be
brought to lie on the 56” radius receiver circle, diametrically opposite the index
pin on the feed room ceiling, when the turret and intermediate feed horn rotator
flange (if one is used) are rotated to the feed horn’s active receiving position.

The local coordinate axis Y; is defined to be perpendicular to the receiver
flange surface. The axis Xp; is defined to lie in the plane of the flange and to
point along the line of the two alignment pin footprint points on the flange.

Feed horns should be aligned on their mount flange so each feed horn’s elec-
tromagnetic axis is perpendicular to the flange, unless a squint offset is explicitly
required. If possible, it would be advantageous to center a feed horn’s phase center
midway between the locating pins, in the plane of the mating flange surfaces, for
flanges containing a single feed horn. For flanges containing multiple feed horns
one might either want the individual feed horn phase centers to be rotatable, by a
flange rotator, onto the 56” radius receiver circle, or one might want the centroid
of the feed horn group to lie on this circle.

One or more feed horns mount on each of the eight receiver mount structures.
Feed horn offsets with respect to the receiver flange center and surface normal

direction should be determined before the receivers are mounted on the receiver
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house turret. For each of the horns mounted on a common flange one should
measure its phase center location, the direction of the unit outward vector along
the horn’s electrical axis, and the direction of the unit FE field vector of the horn
(if defined) with respect to the local flange frame coordinate system. (This could
be done by antenna range measurements or local surveying of the receiver). Com-
ponents of those two unit vectors in the local flange frame, and also local distance
offset coordinates of the phase center from the flange frame origin point, should
be entered into a data base for the horn. The databased information would then
be available to provide pointing offset information for each horn, with respect to
the gregorian focus optics of the telescope.

In the case where multiple feed horns mount on a common flange and that
flange is placed on an intermediate rotator flange (so the feed horn array on the
flange can rotate about the Y,; axis), it is suggested that receiving pin holes be
placed in the intermediate rotator flange and locating pins be provided for the feed
horn array flange. The rotator flange would be pinned to the platter flange and
the feed horn array flange would be pinned to the rotator flange. Pins would be
located so that, on installation, when the platter is rotated to the active receiver
position, the local frame X,,; axis coincides with the X;, axis of the turret frame
(when the reference rotation angle of the intermediate rotator flange is at zero).
It is suggested that the origin point of the feed horn array flange be fiducialized
by insertion of a survey target bushing, and that this point be surveyed relative
to the platter’s local coordinate system and receiver house local frame.

This completes our description of the design model. In the next section we

extend it to provide for rotations of the antenna tipping structure about the az-
imuth and elevation axes of the telescope.
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4. THE TiLTED GEOMETRIC TELESCOPE.

At the next level of description, “the ideal tilted geometric telescope”, the earth
and alidade track are still represented together by a horizontal plane. The ali-
dade structure of the telescope is still assumed to be rigid. It may now rotate in
azimuth about the fixed Z axis, together with the embedded alidade frame and
elevation axis. The feed arm and main reflector (together), prime focus receiver
mount, and subreflector structure, together with their embedded frames, can now
also rotate as a rigid unit in elevation, about the new elevation axis.

The reference optical design is still embedded in the tilted geometric telescope.

Local coordinate frames can move by individual congruence transformations,
that is rotations combined with translations but without deformation. The frame
attachment points (which remain origins of local Cartesian coordinate systems)
and the unit frame vectors are now described as functions of the antenna elevation
angle E L,y , and antenna azimuth angle AZ,,; which is the counterclockwise ali-
dade rotation angle, about the design azimuth axis, from the design configuration.

Descriptions of the coordinate system origins and unit coordinate frame vec-
tors as functions of E Lgnt and AZg,, for the ideal tilted geometric telescope are
given in the following paragraphs. We denote coordinate frames and frame origin
points with the subscript “¢g” instead of “d” to indicate that we now refer to the
tilted geometric telescope, rather than the design telescope. The alidade can ro-
tate in azimuth and the tilt structure can rotate in elevation.

At this level of description we do yet not include the possibility that the
alidade structure has any motions other than rotation about the design telescope’s
azimuth axis, the Z axis. Additional translation and rotation of the ideal tilted
geometric telescope due, for example, to a wavy azimuth track is not yet allowed.
Non-perpendicularity of the azimuth and elevation axes is not yet allowed.
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Figure 4. Geomelric Telescope Reference Points
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Coordinate transformations defining the first six frames are given in [King
1). We present them here, together with additional transformations relating each
frame to the base frame, and also provide transformations for the frames #7
to #10. The unit frame vectors transform in the same manner as the local co-
ordinates.A correction is required for the rotation matrix [Rys), and is given in
Appendix I..

The reference geometry for the ideal tilted geometric telescope is shown in
Figure 4.

Reference Frames For The Geometric Telescope.
We discuss the frame transformations between the alidade and base frames in
some detail. Transformations between other frames follow in a similar manner.
We do not reproduce computations in detail for those frames, but list the results

in Appendix I.

For the geometric tilted telescope, alidade and base frames are related by:

X X -1 0 0][CA -S4 0
(411) | Y |=[Ru)| Y |, RoJ=|0 -1 0| |54 ca o
Z Zag o o 1]/flo o 1

—CA SA 0

= | -SA —CA 0

0 0 1

where CA=cos(AZn:) , SA=sin(AZ;n:) and AZg,, is the counter-clockwise
alidade azimuth rotation angle from the reference direction “South”.

The above equation gives the transformation of coordinates for a point in
space. That is, given a point Q then

X(Q) Xog(Q)
(41.2) Y(Q) | = [Ru] | Yo(Q)
Z(Q) Z4(Q)
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gives the base frame coordinates of ) as a linear transformation of the alidade
frame coordinates of @ .

We can also consider point @) to be described as a position vector, _Q_) , from
the origin of the base frame (considered a fixed point) to the point Q . Then

413) Q=X0Q) -X+YQ) -VY+2(Q) Z.

The alidade frame of the geometric telescope co-rotates with the alidade struc-
ture, and is considered to be embedded in it. Unit frame vectors of the alidade
structure and unit base frame vectors are related by linear transformations:

(4.1.4) }: = [Rlz] }j,g 5 }:ag = [RQ]] }: s where
Z ag | Za Z
[ —CA -SA 0©
(4.1.5) [Ra]l = [Rie] ' =[Ria]"=| SA —-CA 0 |.
0 0 1
L

With respect to the geometric alidade frame:

(416)  Q =Xog(Q) - Xug + Yeg(Q) - Vag + Ze(Q) - Zug , and

Xag(Q) X(Q)
(4.1.7) Yoo(Q) | =[Ru] | Y(Q) | -
Zag(Q) Z(Q)

For the geometric telescope, the base frame coordinates of the alidade frame’s
origin point are

(418)  X(4,) =0, Y(A)=0, Z(4,)=0.
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The unit geometric alidade frame vectors, in terms of unit base frame vectors,
are:

Xog = (—CA)(X) + (-SA)(Y)
419) Y, =(SAX)+(-CAY)
Z4=(2) .

Geometric alidade frame coordinates of an arbitrary point in space are given
in terms of its base frame coordinates by:

kag = (—CA)(X) + (~SA)(Y)
(4.1.10) Y., = (SA)(X) + (~CA)(Y)
Zo=(2) .

Base frame coordinates of an arbitrary point in space are given in terms of its
geometric alidade frame coordinates by:

X = (—CA)(Xq) + (SA)(Ya,)
(4.1.11) Y = (—SA)(Xag) + (—CA)(Yep)
zZ = (Zag)

For each coordinate frame we will supply: the base system coordinates of the
frame’s origin point; components of each unit frame vector, in terms of the base
frame unit vectors; base system coordinates of an arbitrary point, in terms of the
local frame coordinates of the point; inversely, the local frame coordinates of an
arbitrary point in terms of the base system coordinates of that point. For selected
pairs of frames we will provide the corresponding transformations between these
frames. For example it will be useful to possess transformations between the re-
flector frame and the frames belonging to structures on the feed arm. The general
scheme to generate the desired information is the following.

Let %, j, k be coordinate frames among the frames #1 through #8 classified
earlier. Let the basis vectors of frame 7 be Xz ,Y Z. . Let the coordinates of an
arbitrary point in space be: X;,Y;, Z; with respect to the coordinate system of
that frame. We write these triples as 3 X 1 column matrices:
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X =
4112) [X]=|Y |, {X}=|Y
Zi 2,;

For other frames, we write corresponding expressions for point coordinates and
frame vectors similarly as column matrices.

Linear transformations relate the corresponding quantities in the different
frames:

(4113a) [X]=[Rall X+ [T , {X}=[Ri{X}.
(4.1.13b) [ X = [Re)[ X1+ [T) . { X} =[Rul{ X5},

where terms [Rpg] are 3 X 3 rotation matrices and [T,,] are 3 X 1 column ma-
trices representing translations.

Inverse transformations exist:

(4113¢) [X]=[Ry][X]+[Ty] , {X}=[R;{X}.
(41.13d) [X] = [Rall Xel + [Tn] , { X5} = [Ral{ Xi}, where
(41.14) [Ry] =Ry = [Ru)™ and (T3] = [Ry)(-1)[T5] .
From (4.1.12) one obtains linear transformations relating frames k and i :
(4115) [ X =[Ru][ X +[T] , {X}=[Rul{ X},

from the relations

(4.1.16)  [Ru] = [Ru][Rs) ,  [Tai] = [Tas) + [Ris)(T]

The transformation matrices and the numerical parameter values defining their
elements are given explicitly in Appendix I.
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5. THE TILTED DEFORMED TELESCOPE.

The ideal tilted deformed telescope model to be described in this section is that
described in GBT Memo 124, “The GBT Tipping-Structure Model in C”, by Don
Wells and Lee King [Wells-1]. Their model will be developed here in detail to find
locations of fiducial reference marker points embedded in the tipping structure or
in other structures above the telescope alidade, when elastic deformations of the
tipping structure due to gravity loading of this structure are incorporated into
telescope modeling. It will also be used to describe the gravitationally-caused
shift in orientation of laser ranging platforms joined to the telescope feed arm.
Effects of weight loading on the geometry of the alidade structure are not consid-
ered in [Wells-1]. The alidade geometry is still assumed to be that of the ideal
tilted geometric telescope.

In the model of Wells and King, the telescope’s tipping structure is described
by a list of nodal points and structural members joining subsets of the nodal
points. A nodal point is described by an index number and “undisplaced” Carte-
sian position coordinates Xgria, Ygria, Zgria With respect to a local coordinate frame
for the tipping structure.

This local frame is the elevation frame of the ideal tilted geometric telescope.
The origin point of this frame is F, , which is a fixed point in this model. The unit
basis vectors are Xeg , Yeg , Zeg When referred to the base frame of the telescope,
these basis vectors are functions of antenna elevation E'L,,; and azimuth AZ,,; .
The origin point and unit frame vectors are, explicitly, as functions of FL,,; and

AZant:

X(Ey)
(6.1) | Y(By) | =[Ta] =
Z(Eq)

o> O O
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%, e
(5.2) Yo | = [Ra1]| Y |, where
eg Z
— cos AZant —sin A.th 0

(5.3) [Rs1] = | sinAZyp;-sin ELgny —cos AZgps - sin ELgqy —cos ELgy,
sinAZgnt - cos ELgny —cos AZgnt - cos ELgn:  sin ELgn: .

Elastic deformations to be included in the deformed telescope model are com-
putational results of a finite element analysis of the tipping structure. In the
finite element analysis the cross sectional area, moment of inertia, elastic coeffi-
cients, and weight loading are input data provided for each structural member.
Our discussion will presume that the telescope tipping structure nodes at a refer-
ence antenna elevation ELgn = ELgyrf_rig (nominally 43.8°, the “surface rigging
angle”) are “undisturbed”. Local elevation frame coordinates of each structural
node will be assumed to be those belonging to that node in the geometric telescope
model, for this elevation. Given initial structural data and weight loading for the
tipping structure, and assuming that appropriate balancing forces and moments
are added to hold the tipping structure in equilibrium with the elevation shaft
at elevation angle F L, ¢, the axial twist, transverse flexures, forces and moments
can be calculated for the structural members. Displacement increments and “node
rotation vectors” are calculated for each node point.

A structural model of the connecting joints for the structural members is
included in the finite element analysis. Two or more structural columns may
connect to one another by hinge or fully welded joints. The connecting joint
member, which is a massive body, will generally be moment-resisting in one or
more directions. Under force loading, the centroid of the joint member will be
displaced, the joint member can rotate and may undergo strain deformation of
shape. Appropriate assumptions are made in the finite element analysis to allow
computation of the (small amplitude) connecting joint’s rotation vector.

In generating a model of the elastically deformed telescope we formally assume

that mount brackets for retroreflector fiducial reference targets and laser ranging
platforms are rigidly attached locally to connecting joint members on the tipping
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structure. Displacement of a fiducial reference point embedded in a retroreflector
prism, caused by a change of gravity loading on the tipping structure, will be
assumed to be the vector sum of the displacement of the nearby structure node
point (near which its mount bracket is attached) and the fiducial point displace-
ment generated by the rotation of the line segment between fiducial point and
nearby node point. That is, the line segment from fiducial point to node point is
assumed to be attached rigidly to the joint member; when the connecting joint
member rotates, this rotation causes a displacement of the fiducial point. The
displacement of the scan point of a laser rangefinder scanning mirror is calculated
in the same manner. Internal coordinate frame unit vectors embedded in the
laser rangefinder platform are rotated by the same (small) rotation vector as the
connecting joint member.

Given a structural node, 9%, the gravitational deformation of the tipping
structure produces a translation, [A(E Lant)]y, , of the node position. This trans-
lation is a function of antenna elevation angle E L., and has the following form
[Wells-1], [Par-2):

Az (ELant) Og,—2 Oz v 3 3
’ ! sin & Lan —sin K Lsur i
(5.4) [A(ELant)lw, = | Ay(ELane) | =] 0y-2 0yy c08 ELuns — c08 ELr o |
Az (E Lant) n; Oz—2 Ozy 0, ant surf_rig

or, abbreviated,

sin F La.nt —sin F Lsur f-rig
c0s ELgnt — cos ELgyrf_rig

(5.5)  [A(ELant)ly, = [Aly, = loly, [

where [0]y,. is a structural matrix associated with node 9%; and is computed
numerically by the finite element analysis code. The detailed procedure for ob-
taining node matrices is discussed in [Wells-1]. Numerical examples are given
there. Here we have used the abbreviations: £ & X, y & Yy, 2 © Z,. That
is, the z, y, z components of the translation matrix [A]mi are along the X, , Yo,
Zy axes respectively. The unit basis vectors pointing along these axes are given
by (5.2) and (5.3) as functions of tipping structure azimuth and elevation.

The result (5.5) is obtained by resolving vertical gravity loading forces into
components along the X,,, Y., , Zeg directions. The initial condition is used
that: nominal grid coordinates correctly describe all node locations when the tip-
ping structure is at the elevation E Lgyys_rig -
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Wells and King [Wells-1] discuss the use of (5.5) in initially setting the sur-
face panels which form the main reflector of the telescope. Initial panel adjust-
ments will be performed when the tipping structure is set to an elevation an-
gle, E Lyirdpatn (= 65.8°), suitable for construction workers to perform installation
tasks. Another elevation, the “surface rigging” elevation, ELg,,f_rig, is the de-
sired elevation at which the tipping structure should closest approximate the ideal
tilted geometric telescope. When the main reflector panel positions are initially
set, with the telescope in birdbath position, the panels will be given additional
translations to compensate for the deformations calculated by (5.5). By intro-
ducing positional compensation in that way the telescope can be tilted to the
surface rigging elevation angle, for photogrammetric and astronomical measure-
ments of its initial surface, and have a main reflector surface compensated for the
condition that the panels were set with the telescope at a “wrong” elevation angle.

When the tipping structure elevation is other than the surface rigging eleva-
tion, there is also a node rotation: [Rot(ELgnt)ly, - This may be written as a
vector

(5.6) [ROt(ELant)ly, = toXeq + tyYeg + t.Zeg = t,_,

where the local elevation system rotation vector components ¢, , ¢, , t, for that
node are functions of the antenna elevation angle FL,,;. The behavior of these
components versus elevation angle is similar to that of the displacement compo-
nents. In place of (5.4) one has:

tz(ELant) Tg,—2 Tax Yy : .
J ' sin ELgp — sin ELgyr s s
(5.7) [Rot(ELaﬂt)]mi = | t,(ELgnt) = | Ty—z Tyy [ cos EL ‘ —cos B Lsu ! ?
t, (E Laﬂt) ”n, Tz,—z Tzpy ot ant surf_rig

or, abbreviated,

(5.8)  ty, = [Rotly, = [7]x, S0 E Lo, = 810 B Lgur rig ]

cos ELgnt — €08 ELgyrf_rig

where [7]y, is a structural matrix of node rotation constants associated with node
M; and is computed numerically by the finite element analysis code. The unit ge-
ometric elevation frame basis vectors appearing in (5.6) are defined by equations

(5.2) and (5.3).
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The finite analysis output data base for each node is a row of 16 entries: the
node identification number, three undisturbed position coordinates for the node,
six element entries for the displacement matrix [o], and six element entries for the
rotation matrix [7].

Structural node points are not per se accessible to measurement. They gen-
erally lie somewhere within connecting joints of structural members and are not
directly visible. To locate them one uses “fiducial reference marker points” which
are directly accessible for optical measurement of location. In the present con-
text, a fiducial reference marker point, or “fiducial point” abbreviated, is the
center point of a surveyor’s target or the optical center of a retroreflector prism
which can be located by optical instruments such as theodolites or laser ranging
stations, and which is rigidly affixed to the structure near a nodal point. If the
positions of three or more fiducial points attached near a given structural node
can be measured optically (for example, by laser ranging from several stations),
the position of the node point can be determined, provided that the local rigid
3-dimensional positioning of the fiducials around the node was determined when
the fiducial targets were mounted on the structure. When the telescope is moved
in elevation, the displacements of the fiducial points associated with a structural
node point will not be exactly that of the node point. Rotation of the node joint
produces an additional displacement of a nearby fiducial point which is small,
but not negligible. In the next paragraph we discuss the relationship between the
displacement of a node and that of a nearby fiducial point.

We assume that a surveyor’s target structure containing an intrinsically em-
bedded fiducial point, §;, has been rigidly attached to the tipping structure near
structural node point 9%;. We assume also that the local undisturbed displace-
ment vector from the node to the fiducial point has been defined in some manner,
which we do not specify explicitly. We are given

Xeg(&') Xeg(mi) + fi Xeg (*T(,)
(5-9) Yey(si) = Yeg(mz) +n; = Yeg(mi) + [Di] :
Zey (&) Zeg(mi) + Ci i Zeg(mi)

Here, X¢g(9:), Yeo(9%:), and Z,4(9%;) are the undisturbed elevation system coordi-
nates of the node point, that is the geometric telescope elevation coordinates of 9;
at the rigging angle E Lyt rig; Xeg($:), Yeo(5:), and Z,,(§;) are the undisturbed
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elevation system coordinates of the fiducial point. The undisturbed displacement
vector of the fiducial point §; from the nodal point 9%; is

¢ &
n = 7| -
¢ o, G

When the tipping structure rotates in elevation from the rigging angle ELgyy_rig
to the general elevation angle E Ly, node point 91; moves to a position whose
coordinates relative to the geometric elevation system frame are:

(5.10) [Di] =

Xe(9) Xeg ()
(511) | Y(90) | =| Ya() |+[Aly,.
Ze(gti) Zey(gti)
The associated fiducial point moves to the position whose coordinates are:
Xe(&i) Xeg(‘yti)
(512) | Yu(@) | =| Yu(R) | +[Aly, +[Ret(t,,)] (D]
Ze({gi) Zeg(‘ni)

The last term is the perturbed displacement vector between node and fiducial
point. The displacement vector between node and fiducial point is rotated by
t, due to the rigid body rotation of the connection joint member at the node.
The new position of the fiducial point is then:

Xe(&') Xeg(%'i)
(513) | Ya(®) | = | Yeol:) | +[Alm, +{[Rot( t,)] [D] - (D}
Z.(5:) Zeg ()

Defining

(5:14)  [Rot( t,)] [Di] — [Ds] = [6Rot( t,)][Di] , we get

Xe(%yi) Xeg (3:)
(6.15) | Ye(B) | = | YeolS:) |+ [Aly, +[6Rot( t, )] [Di] -
Ze(gi) Zeg(;}'i)

The term [ Rot( t,_ )] [D;] vanishes in the special casel t‘ﬁ.-l =0.

With respect to the local elevation frame the gravity-load-induced displace-
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ment of the fiducial point is the same as that of the associated node except for
the additional differential rotation term (5.14). To evaluate this term let us write
the displacement vector [D;] in vector notation:

(5.16)  [Di] = &:Xog +0:Veg + G2y = Ds .

The term [Rot( tm‘)] [D;] is a clockwise rotation of the vector D; by an an-
gle | tm‘,l radians about an axis pointing in the direction of t, . Calling

(517)  t=|t,|=B+E+E=1t(0),

it may be shown! that

1— cost sint
(5.18)  [Rot( t,,)] [DJ = (cost)( D,-)+(—t2———) (tm - D) ( t"‘i)+(T) (ta, x D).

For 0 < t << 1 radian, expanding (5.18) to order 3 in ¢,

(5.19) [6Rot( t,,)] [Di] = ( ts, x Ds) (1—§)+(tm) (ﬁ%&)'( D) (g)

2 9 -
r 1- % (tyCi - tzni) + (%) (ta:Ei + tyni + tzCi) - (Ez) 'ti'
2 t, t2
=| (- %) @&~ )+ ('2‘) (tads +tyms +8:6) — () | 5
t? t, t?
1- 3 (tems — t,6) + ('2‘> (t& + tyms + £.G) — (G) el

For a retroreflector’s fiducial point, located within a few meters of its associ-
ated node, the joint rotation term above is sufficiently well approximated by the
first order term t, x D;. Equation (5.19) can also be employed in the case
where D; represents not the displacement of a fiducial point from a structural
node, but instead is a local unit frame vector of a feed arm laser station. In the
latter situation, one may want to include terms above first order.

1H. Goldstein, Classical Mechanics, Addison-Wesley, 2'nd Edition 1980, pp 164-165.
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Local Elevation Frames At The Structural Nodes.

The geometric elevation frame of the tipping structure is a globally defined
frame:

{Xog(AZunt, ELant) , Yeg(AZunt, ELant) ; Zog(AZant, ELans); B}

consisting of three mutually perpendicular unit basis vectors attached to origin
point E, . These vectors, which we abbreviate as Xeg , Yeg , Zeg respectively, are
functlons of tipping structure angles AZ,,; and E L, , and aregiven explicitly
by (5.2) and (5.3). They are the geometric elevation frame basis vectors defined
by the ideal geometric telescope model, which assumes that the feed arm and
main reflector are both rigid and rigidly attached to one another. The vectors
are defined for the global tipping structure geometry and do not relate to local
embedding at any particular structural node.

To calculate aiming of laser beams of feed arm laser rangefinders, one requires
a local model of elastic telescope deformations. The finite element model of the
tipping structure generates deformation displacements [A]y, of structural node
points 9; and deformation rotations t,_ of their associated connection joints, as
functions of ELg,: and a reference rigging elevation angle. Laser rangefinders
rest on support platforms which provide local rigid reference frames for aiming
the scanning beams. A laser beam is aimed by calling out two mirror scan an-
gles defined with respect to a local platform frame. These are the scan-azimuth
angle, Ar, to a distant target point T' and the scan-elevation angle, Er, to T .
Differential elastic displacements and node rotations near the target point and
laser platform change the scan-azimuth and scan-elevation angles needed to aim
the laser beam from a scan mirror’s scan fiducial point S to target point T'. (The
scan fiducial point is the intersection point of the scan rotor axes). To calculate
scan angle corrections it is useful to define local elevation frames at structure
nodes adjacent to laser rangefinder platforms and to main reflector nodes adja-
cent to surface retroreflector prism targets.

Given a generic structural node point 9; let us try to define a “local elevation
frame” at M; :
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{X\e(AZanty ELant; ‘.YL) ) ?e(AZant; EL;"nz ) ) Ze(AZant: ELant;‘-ni ); ‘nz} .

This consists of a right-hand triple of mutually perpendicular unit basis vec-
tors: Xo(AZant, ELant), Yo(AZant, ELans) , Ze(AZant, E Lans) and a point of frame
attachment, 9%;. To complete the frame definition we specify its basis vectors as
functions of AZ,,;and EL,,;.

We want the frame to be rigidly embedded in the structure, at point 9;, and to
co-move with the structure joint at 9%;. If this is to be accomplished when the de-
formation of the structure is provided by the finite element model we must choose:

(5.20.1)  Xo(AZant, ELant; ) = [Rot( ty, )| Xog = Xog + [6R0t( £, )] Xy ,
(5.20.2)  Ye(AZunt, ELane; M) = [Rot( t,, )|¥eg = Yeg + [6R01( £, )]¥zy,
(5.20.8)  Zo(AZant, ELan; ) = [Rot( ty )| Zeg = Zieg + [6R0t( ty, )| Zeq

The rotation operator [§Rot( t, )] is given for an arbitrary vector by (5.19). The
components of t, are supphed as functions of E L,y , at node 9%;, by (5.8). The

constant structure matrix [7]m, supplied by the current finite element structural
model. Let us use the abbreviations:

(5211) X\e(AZant y ELgns 5 ‘ﬂz) = X\e(%) )
(5212) i;e(AZant ) ELant 3 ‘Jtl) = f}e("n") )
(5.21.1)  Z.(AZant, ELant;9) = Z.(9%) .

From (5.19), we get, a functions of the components of t, :

— t2 3: t t t 2 tz t
(6221) Xe(9) = Xop(1—5+2)+ Ve (a5 )+ Zeg (—ty+ +?),
2t tt2 tty G2
(5'22'2) (‘.YL) = 69(1——"*' y)+Zeg(t + 2 __)+Xeg( Lt 1’2 + 6 7’
~ ~ 2 A tty  tyt? toty | tgt?
(5.22.3) Ze(‘ﬁi)=Zeg(1— )+Xeg(t +5 ——)+Yeg( —te ) -
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In the next sections we use this result to compute laser rangefinder aiming cor-
rections.

Laser Rangefinder Platform And Scan Geometry.

We will define a local frame for a laser rangefinder platform joined rigidly to
the GBT feed arm near structural node point 91;:

{-)’Z;(Azant; ELgp; 2), ?e(AZant, ELgu; £ )) ZB(AZant: ELgns; 2)3 ,Q} .

This consists of mutually perpendicular unit basis vectors: 5(;, 172, Z. embedded
rigidly in the platform at platform fiducial point £ .

We first assume that a reference orientation of the platform with respect to
the geometric elevation frame of the tipping structure is specified, at the surface
rigging elevation angle. This specification is provided by a linear transformation:

ge(AZaﬂta ELWTf—Tig; 2 )
(5.23.1) Ye(AZunt , ELsursrigy £) | =
Ze(AZant, ELsurf_rig; £ )

AIIXeg(AZant: ELsurf_rzg) + A12Yeg(AZant; ELsurf_ng) + A13Zeg(AZant; ELsurf rzg)
A21Xeg(AZant, ELsurf_ﬂg) + A22)/eg(AZant, ELsurf_rzg) + A23Zeg(AZant, ELsurf rzg)
A31Xeg (AZa.'nt, ELsurf_rzg) + A32Yeg(AZant, ELsurf_rzg) + A33 eg (AZant, ELsurf rzg)

We abbreviate the quantities in the above equation as:
(5.23.2) Xgo(£)=[Aln, X.

Coefficients in the matrix [A]yn, are the projections of the platform frame ba-
sis vectors onto the geometric elevation frame basis vectors, at the surface rigging
elevation angle and arbitrary telescope azimuth angle. That is, the matrix ele-
ments are direction cosines,
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(5-24) [A]‘ﬁi = ):eg : )ffg }}g : ):eg {@y : qeg
eg ° eg eg * Teg 9" e | (BLyurs rig)

Provisional feed arm scan point locations and platform orientation matrices [A]n,
have been computed for feed arm laser rangefinders, by F.R. Schwab. His sug-
gested locations and orientations are presented in a limited distribution memo:
“Laser Rangefinder Locations and Orientations” (March 6, 1996). Rangefinders
set at the locations and orientations given in that memo have adequate scan cov-
erage of the GBT main reflector, at small enough beam incidence angles to the
surface retroreflectors to insure adequate reflected optical return. The coordinate
frame used in that memo is not a standard GBT coordinate frame. The given
matrix elements and coordinates require a (simple) transcription to the standard
geometric elevation frame.

Each feed arm rangefinder mounts rigidly near an adjoining feed arm struc-
tural node. The node point and rangefinder fiducial reference points are assigned
reference geometric frame coordinates when the telescope is at the surface rigging
elevation. The assigned reference coordinates might initially be calculated ideal
location coordinates, to be replaced later by measured values at the surface rig-
ging elevation or at another elevation with finite element mode corrections. When
ELgpt = ELgyys_rig the local elevation frame coordinates of node and rangefinder
fiducial points are defined to coincide with the reference coordinates of these points
in the geometric elevation frame. In turn, the reference coordinates of these points
are included in a database file listing for distinguished telescope points. There is,
however, a problem associated with the assignment of reference points to the feed
arm structural node and rangefinder fiducial points. We discuss this problem and
suggest a solution in the next paragraphs.

Initial joining of the upper feed arm to the telescope and measurement of its
fiducial reference points will not necessarily be made at surface rigging elevation.
It is possible that these operations will occur when the tipping structure is near
the feed arm access elevation, E Lgm_gccess =2 T7.7°, with upper feed arm verti-
cal. (At that time surface panels may or not be installed. Weight loading on
the telescope may or may not be at its final distribution). For initial feed arm
alignment and adjustment, it may be preferable to reference undisturbed coor-
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dinates of feed arm nodes and fiducials to another access angle, E L, s, (for
example either feed arm access elevation E Lgrm_access OF surface access elevation
E Lyirdbatn) tather than ELg,¢ -y . Node deformations and node joint rotations
would reference to E L,ccess Wwhich would replace E Lgyrs_rig in (5.4)-(5.8). This is
discussed in [Wells-1].

When using gravity structural deformation corrections to correct rangefinder
aiming, it is desirable to have a common reference coordinate data base for all
tipping structure nodes and fiducial reference points. Separate data bases and
data handling procedures for feed arm and main reflector nodes and fiducials are
undesirable, and present opportunity for ambiguity.

The view is expressed here that all elevation frame node and fiducial point
undisturbed coordinates should refer to values when the tipping structure is at
elevation angle ELgy,s_rig - This differs from the viewpoint presented in [Wells-1],
which presumes that undisturbed coordinates of feed arm nodes be defined at a
different tipping structure elevation angle.

The two viewpoints can be reconciled if one databases initial reference coordi-
nates required by [Wells-1] under another nomenclature, for example “installation
coordinates” and computes the geometric elevation “undisturbed coordinates”
at ELgyf_rig using transformations (5.5) and (5.8) but making the replacements
ELgyrf rig = ELgccess, ELant — ELsurf_rig in those equations.

One can now compute platform basis vectors explicitly, for the gravity-loaded
tipping structure. One first computes basis vectors: X,(9%), Y.(9%), Z.(9%;) of
the local elevation frame at 9%; defined by (5.21), using equations (5.22). Because
the local elevation frame at 9%; and the platform frame at £ are rigidly joined to
each other, the same linear transformation matrix [A]y, that relates their basis
vectors at surface rigging elevation (cf. (5.23)) also relates their basis vectors at
arbitrary elevation and azimuth. One then computes platform basis vectors for the
gravity-loaded structure: X, (AZant, ELgns; £), Yo(AZong, ELgns; £), Zo(AZ gps, EL gps; £),
using the same linear transformation:

Xe(AZant; ELant; £ ) Z(\e(gtt )
(5.25) | Ye(AZant, ELans; £) | = [Aly, | Ye(9%)
Ze(AZcmt: ELant; £ ) Ze(mi )
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Figure 8. Laser Ranging Fiducial And Node Poinls.



Rangefinder Scan Angle Corrections.

We now discuss the correction of laser rangefinder scan angles for gravity-
loading changes when the telescope tilts in elevation.

Assume that a rangefinder platform is rigidly attached to the feed arm near
structure node point 9%;. Let £ be the origin point of the rangefinder’s platform
frame, and S be the rangefinder’s scan center point. As before, we let X, Y, Z
be unit basis vectors for the platform frame. (Cf. Figure 8).

Given a laser target fiducial point, T', on the tipping structure, which is to
be scanned by the rangefinder’s laser beam, we let Zr, §r, Zr be the platform
frame coordinates of T'. Typically T' would be the optical center of a cube corner
retroreflector prism on a surface panel of the telescope’s main reflector.

Introduce local spherical polar coordinates in the laser platform frame, so that

Zr R(sin ®)(cos B)
(5.26) yr | = | R(sin®)(sinO)
Zr R(cos @)

Inversely,

(527.1) &= cos"l(%) , 0<d<m,

z s 3
(5.272) ©= (atanz)(é:) , TS e<T,

(5.27.3)  R=/(Zr)*+ (@r)? + (2r)* -

Assuming that the rangefinder scan axes are properly zeroed, intersect, are
mutually perpendicular, and the scan-azimuth axis is aligned along the platform
basis vector Z , the rangefinder rotor angles required to aim the laser beam from
scan center point S to target point T are:

(5.28.1) Ar=6- E , —m < Ar < 7, the scan-azimuth angle, and

(5.28.2) Er=(— 1)( ), —= < Er <0, the scan-elevation angle.
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The rangefinder platform frame coordinates of T are then:

[ Zr } R(sin 2Er)(sin Ar)
(5.29) yr | = | (~1)R(sin2E7)(cos A7)
Zr R(cos2Er)

When the telescope’s tipping structure is in general position, specified by an-
gles ELyn: and AZgy,: , the “undisturbed” geometric elevation coordinates of the
points 9%, £, S are the elevation coordinates of these points which would be
attained in the absence of gravity load deformation of the telescope. The dis-
placement vectors of these points from the geometric elevation frame origin point,
E, , are:

(5°30) ey(‘nt ) = eg (ELsurf-rtg) N, ) Xeg (AZanta ELant)
+}/eg (ELaurf_ng ) ‘}t;) Yeg (AZant; ELant)
+Zeg (ELsurf_rtg; ‘-nv. ) (AZanta ELant) )

(5:31)  Xg(L) = Xep(9) +£(2) Xeg(AZa,,t, E Lgyt)
+77(£) ),eg(AZant; ELant) + C(’c) eg(AZant) ELunt)

(532) Xeg (S) eg ("nz) + E( S) eg(AZan.t» ELant)
+77(S) Yeg(AZcmt; ELant) + C(S) eg(AZant; ELa.nt)

Here we have written

(533) Xep(£) = Xey(0L) + Dey(8)

(5.34) Xep(S) = Xep(9h) + Deo(S) , where

(5.35) Dey(£) = &(£) Xog(AZonts ELant)+1(L)Y eg(AZant, ELant)+C(L) Zeo(AZant, ELant),
(5.36) Deg(S) = £(S) Xeg(AZunt, ELant)+1(S) Y eg(AZant, E Lant)+C(S) Zeg(AZant, ELans).
Coefficients of the basis vectors in (5.30)-(5.33) are reference coordinates, and

are listed in elevation frame reference data base for these points. Note that we
express the displacements of the laser frame origin and the laser scan center points
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as the sum of a displacement from E, to the adjacent structural node point plus
a displacement from the node point to the point in question.

The displacement of the main reflector target point 7" from its associated struc-
tural node point, 97, depends on the extension of the surface actuator driving
the motion of T'. It is possible to describe the position of this target point as fol-
lows. Displacements of T vary linearly with the extension of the nearby actuator
from a home position of the actuator. Let Iy be the actuator extension from its
home position. We may write

(537)  Xeo(T) = Xey(®r) + DY(T) +1r DY(T) = Xey(®) + Doy(T, Ir).

Resolving (5.37) into component vectors we have
(5.38)  Xeg(T) = Xeg(Mr) + (bo(T) + b &1(T)) Xeg(AZant, B Lan)

+(ﬂo(T) + lT M (T)) ?eg (AZant) ELant)
+(C0(T) + lT Cl (T)) zeg (AZa.nt) ELant) .

We are now able to express the displacement vector from rangefinder scan
point S to main reflector surface target point T', for the general case of an elasti-
cally deformed tipping structure at elevation F L,,; and azimuth AZ,,; .

Let Dgr(E Lant, AZant) be the displacement vector from scan point S to sur-
face target point T', when the tipping structure is at elevation F Ly, and azimuth
AZ,... Collecting our earlier results we find:

(539) DST(ELant, AZant) . Xeg(T) et Xeg(S) + [A]mT - [A]mi
+ [6Rot( )] Dug(T, Iz) — [SRot( tms)] Deg(S)

The node joint rotations tm, and ty; are obtained by postmultiplying the con-
stant finite element analysis matrices [y and [r];_ by the 2 x 1 column matrix

sin ELam; —sin ELsurf_rig
cos ELgn — cos B Lgyrf_rig
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Gravity-load node displacements [A]y, . and [Aly,; are obtained by postmultiply-
ing the constant finite element analysis matrices [0]y,. and [0]y; by the same 2x 1
column matrix . Differential rotation operators [§Rot( ty,)] and [0Rot( tm;)] are
computed using (5.19).

Having calculated Dgr(E Lant, AZgnt), the displacement vector from rangefinder
scan point S to surface retroreflector fiducial point 7', one finds the rangefinder

platform frame coordinates of T by projecting this vector onto the platform frame
basis vectors:

(540) 5T = DST(ELants AZant) . Ye(AZant; ELant; 2’) ’
(541) gT = DST(ELant) AZant) ¢ S}e(Ath;ELant; 2) H

= Dsr(ELant, AZant) * Ze(AZant, ELgns; £) .

N
A
I

(5.42)

Scan-elevation angle Er and scan-azimuth angle Ay, corrected for gravity loading
of the tipping structure, are then obtained from Zr,¥r, Zr by transforming to
platform spherical coordinates and converting polar angles to scan angles, using

(5.26) and (5.27).

The computations presented in the preceding sections are intrinsically com-
plicated. The telescope’s tipping structure can rotate in azimuth and elevation.
Structural joints near the feed arm laser platforms are both displaced and ro-
tated due to gravity weight-loading of the tipping structure, which is presumed
to deform elastically according to whatever finite element model is employed.
Rangefinder platforms co-rotate with their nearby feed arm structure joints, and
have additional displacements because they are somewhat distant from those
joints. Each main reflector retroprism is displaced from its nearby structural
joint by a piston actuator, which is presumed to have the capability of linear dis-
placement in a fixed direction relative to the nearby structural joint. Structural
joint displacements and rotations at nodes near the main reflector retroprisms are
different from those of the feed arm rangefinder platforms. All of these consider-
ations enter into the computations of feed arm rangefinder scan point positions
and scan aiming angles.

The computations outlined in this chapter present a model of a telescope whose
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tipping structure is elastically deformed by gravity loading. One can compute ideal
locations of fiducial reference points on the feed arm and main reflector structures
and the positions and orientations of laser rangefinder platforms as functions of
ideal telescope elevation and azimuth angles. These computations can in principle
be converted into object-oriented computer codes. But the model is incomplete, as
an ideal model of an elastically deformed telescope. Departures of the telescope’s
alidade structure from the extremely oversimplified rigid alidade model used here
will be significant. Some of them can be modelled theoretically, to provide useful
extensions to the ideal elastic deformation model presented in this chapter.

In the next chapter we discuss extensions of the ideal elastically deformed tele-
scope which take into account the fact that the alidade structure is much more
than a rigid vertical rotation shaft. In some sense we will try to correct the model
thus far, to include effects of alidade elastic deformation, misalignment and offset
of the elevation and azimuth shafts, unevenness of the alidade track.
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6. ALIDADE STRUCTURE CORRECTIONS.

The GBT telescope structure was modeled previously as an ideal geometric tele-
scope elastically deformed by gravity-load forces. This model of the telescope
does not include: elastic deformation of the alidade structure, offset between the
azimuth and elevation axes, non-verticality of the azimuth axis caused by an im-
perfectly level azimuth track or truck wheels, lack of perpendicularity of azimuth
and elevation shafts. At present, there is no elastic model of the alidade structure
which corresponds to the elastic model of the tipping structure. Additional fea-
tures must be incorporated into our present model of the gravity-loaded telescope
to include these and other departures of the alidade structure and azimuth track
from the ideal.

It is worthwhile retaining the earlier formalism which allows positions of struc-
tural node and fiducial points to be computed in terms of coordinate transforms
among the previously defined coordinate frames. The question then presents itself:
how does one include alidade structure imperfections in the formalism, without
requiring complete revision and redefinition?

Here, to include alidade structure modifications, we introduce a “ground” co-
ordinate frame, frame #0. We provide frame origin shifts and translations and
rotations between the ground frame and the base frame, frame #1, and the az-
imuth and elevation frames, frames #2 and #3, to include alidade deviations from
the trivial alidade structure design model. The ground frame lies coincident with
the base frame initially. Transformations between ground frame and the other
frames are then modified to include alidade structure departures from the ideal.
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Elevation Shaft Offset

In the ideal geometric telescope model, the azimuth shaft and axis are vertical
and the elevation axis and shaft are horizontal. The two axes intersect at point
E,. Let us suppose that the physical telescope is constructed so that the two
shaft rotation axes remain perpendicular but are skew, separated by a distance
doss. That is, the elevation bearings, elevation shaft, and the attached tipping
structure are horizontally translated by a displacement vector d,ss ?ag. The ge-
ometric elevation frame and base point Eg are translated by this displacement.
Relative to the ground frame,

(6.1) I;"’g - ﬁy + dogy ?ay :
For the ideal geometric telescope without this shaft offset, if F is a fiducial

point embedded in the tipping structure, the ground frame coordinates of F are
related to elevation frame coordinates of F by the transformation:

©
Xe(F) Xeg(F) Xg'(F)
63) | Ye(F) | =[ER]| Yul®) |+ [1¥] = | YO
Z6(F) |igem Zog(F) Zg’)(}‘)
where
~CA SASE SACE 0
[BR]=| -SA —CASE —CACE |, [Tu]”=|0 |, and
0 —CE SE he

CA=cosAZupt, SA=sinAZ,y, CE =cos ELgy, SE =sin ELgy, .

The transformation (6.3) is just that between elevation frame coordinates and
base frame coordinates, which initially are the same as ground frame coordinates.

That is, [Rf()g)] = [Ry3] and [Tég)] = [Tha).

When the elevation bearings, shaft and tipping structure are offset, the eleva-
tion frame coordinates of fiducial point F do not change, since F is embedded
in the tipping structure. That is,
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Xeg(F) — Xeg(F)
(6.3) Yeo(F) — Yeo(F)
Zeg(F) — Zeg(F)

But the ground frame coordinates of F are displaced (Cf. Figure 9):

XO(F) — Xe(F) +dogy - SA= XE(F)
65)  YOUF) — Yo(F) —dogs- CA=YN(F)

Z5(F) — Zo(F) =25(F)
After the offset by d,ss ¥,, (which is a horizontal displacement moving the verti-
cal feed arm closer to the pintle bearing when d,;; is positive) the equation (6.2)
must be replaced by

[ XG(]:) Xeg(F) doss - SA
(65) | Ye(F) = [BR] | Ye(F) | + [T+ | ~dogs-CA |, or
L ZG (f) offset_shaft Zeg (f) 0
[ X$(F) Xeo(F)
(6.6) YGSG])U:) = [ (g)] Ye;g(f) + [Té;)] , Where
| Z(F) Zeg(F)
doff . SA
67 [1§] = [ —doys-CA | .
he

It is convenient to rewrite (6.5) in the condensed notation:
6.8) [XQ(F) - TR] = [RE][Xeo()] .

Equation (6.6) provides equations to convert elevation coordinates to ground
frame coordinates when offset is introduced between the elevation and azimuth
shafts. These equations will be extended to a more general situation where addi-
tional rotations and translations appear between the ground and elevation frames,
caused by additional departures of physical telescope from the ideal.
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Non-Perpendicularity Of The Elevation And Azimuth Shafts

After the telescope’s elevation and aximuth axes have been offset by distance
doss, the Yo, axis still passes through the offset elevation frame origin point Ej .
If the elevation shaft, elevation bearings, and the entire tipping structure were
rotated by a small angle, 9,, about the Y,, axis, this would introduce a depar-
ture from perpendicularity of amount 94, between the elevation and azimuth axes.

The azimuth and elevation axes of the telescope are no longer considered to
be exactly perpendicular. This non-orthogonality is the collimation error. The
angle between the azimuth axis (direction of Z,,) and the observer’s left end of
the elevation axis (direction of X\eg) is now 90° + ;. This shaft misalignment is
expected to be small, and constant with time.

To model this effect, a rotation of the elevation shaft and tipping structure by
¥, about the Y,, axis, we can instead rotate the ground frame rigidly by —d;
about the Y, axis. The point E,; and the basis vectors )?eg, Yeg> Zey would remain
fixed. The reflector, prime focus, subreflector and alidade frames and their origin
points would also remain fixed. But the ground frame’s origin point Og)) and
basis vectors )’(\(G? ), ?C(:O), 2((;0 ) would be rotated by —9, Yag -

In terms of the geometric elevation frame’s basis vectors the initial unrotated
ground frame has basis vectors

X = (-CA)X.,+ (SA-SE

-~ —~

+ (SA-CE)Z,

eg 9
6.9) YO = (-SA)X,,+(-CA-SE)Y.,, +(-CA-CE)Z,,
Ze = (~CE) Yoy + (SE) Zey

which can also be written as
——(0) —_
(610) Xg = [RE)] X,
where [R((,‘;)] is the matrix of coefficients in (6.9).

We wish to find the rotated ground frame basis vectors and origin point af-
ter the rotation —9,Y,,. As a first step, we compute the displacement vector

Xeg (Og) )) of the origin point Og) ) of the unrotated ground frame from the offset
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origin point E; of the geometric elevation frame. To accomplish this, we use (6.7)

to compute the displacement vector from Ogj) to the offset origin point of the
geometric elevation frame.

(6.11.1) X (Ey) = (dogs - SA) XS + (=dogs - CA) Y + (he) 28 .
The negative of this vector is the displacement vector from E, to Og) ),
(6.11.2)  Xop (O9) = (=dosr - SA) XD + (doss - CA) Y + (=h.) Z9 .

Expressing X (Og) )) in components relative to the geometric elevation frame
basis, using (6.9), one gets

(6.12)  Xep (OF) = (he- CE —doss - CE) Yoy + (=he - SE —doyy - CE) Zoy .
We now rotate X, (Og) )) by the angle —9, about an axis through E, which

is parallel to ﬁg; to give a new origin point of the ground frame, O(Gl) . The dis-
placement vector of this point from F is:

(613) X (0F) = [Rot(—9, Vap)| X (0F) -

Using (5.18), we can show that, for an arbitrary displacement vector, D,

(6.14) [Rot(—8, Yoy)] D = (cos®,) D +
(1 —cos®,)( D-Yy,)¥,, + (sin®,) ( DxY,,),
when }7.,@ is a unit vector. We also have
6.15)  Y,,=(CE)Y,, + (-SE) Z, .
Equations (6.14) and (6.15) applied to (6.13) give
(6.16.1) X0 (O) = (doss-sin¥)) X,

+(he - CE —dygs - SE - c0s ) Yoy + (—he- SE —doss - CE - cos B 1) Zey.
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The shaft offset d,f; and the shaft misalignment angle ¥, are both sufficiently
small that we make negligible error by replacing (6.16.1) by

(6.16.2) Xep (0F) = (dogs - 91) Xy
+(he - CE —dyps - SE)Yoy 4 (=he - SE — dyys - CE) Ze.

We apply (6.14) to find the rotated basis vectors of the ground frame:

XY = [Rot(—v, ¥,,)] X
(6.17) Y(l) Rot(—9, ¥,,) y“’)
z“) Rot(—9, ¥,,) Zéf?’,

gives

X = (-ca- cos 9, )Xoy + (SA) Yoy + (~CA- sind.) Zog
(6.18) <1>_( SA-cos?,)X,, +( CA) Yoy + (=SA-sin¥)) Z,,

70 = (—sin®,) Yoy + (cosV1)Za,,
and using (6.15) then gives

[ X X
(6.19.1) ?(gl) = [R((,?] }’}eg where
) 7
G €g

(6.191)  [RE)] =

(—CA-C,) (SA-SE+CA-CE-S,) (SA-CE-CA.-SE-S.)
(-SA-C.) (-CA-SE+CE-SA-S,) (—CA-CE-SA-SE-S,)
(—S1) (-CE - C)) (SE-C.).

where we use the abbreviations C, = cos¥, and S| =sin?;.

We have now obtained the rotation matrix relating the geometric elevation
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frame to the ground frame, for the model of a telescope where the azimuth and
elevation shafts are offset and have a small angular misalignment from perpen-
dicularity. We can now find the translation vector relating the origins of the two
frames, and this will allow us to obtain the relation between the ground and geo-
metric elevation coordinates of fiducial points on the telescope’s tipping structure.
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7. DETERMINATION OF AZIMUTH
AND ELEVATION.

So far, in this memo, the telescope orientation angles AZgp;, E L,y are only math-
ematical variables, not physical objects. They, together with E Ly, s_rig, are the
independent real variables used to describe analytical transformations of points
and vectors associated with an ideal geometric complex, the geometric model of
the Green Bank Telescope. These transformations describe positions and motions
of structural node points, fiducial reference points and local unit frame vectors on
the telescope when the ideal telescope rotates in azimuth, tips in elevation and
deforms under gravity loading.

One starts with a set of structure node points:
{4, i =1,2..., imax}
and a set of fiducial reference points:
{8x; k=1,2..., kmax}
in a 3-dimensional abstract Euclidean space, E®, which is not yet related to ge-

ographic or astronomical space. Each of the points is defined by three Cartesian
reference coordinates in this space:

(Xeg(ELsurf_rig; ‘-nz), Yeg(ELsurf_rig; f'n‘r.); Zeg(ELsurf_rig; n))
for the node point 9;, and
(Xeg(ELsurf-rig; gk); }/eg(ELsurf_rig; Ek); Zeg(ELsurf_rig: Ek))

for the fiducial point Fx.
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These coordinates are cataloged in a data base list of “ideal” geometric eleva-
tion frame coordinates for the structure node points and a separate data base
list of “ideal” geometric elevation coordinates for the fiducial reference points.
These listed coordinates are interpreted as initial position coordinates in E® for
node and fiducial points of the ideal geometric telescope. Later, data base lists
will be prepared for “measured” geometric elevation frame coordinates of node
and fiducial points of the as-built physical telescope. The “measured” geometric
elevation coordinates will be coordinates corresponding to a particular reference
orientation of the telescope: ELgyrf rig-

There is a mapping:

(7.1)

X.(9) = Xo( AZgnt, ELant; ELsursrig; 9t): R?2 X Rx E® — E®

defined by

(Xeg(ELsurf_rig; ‘Jtz): },eg(ELsurf_rig; ‘-nz)a Zeg(ELsurf_rig; ‘—nz)) -

(-Xe(AZanta ELant; ‘It‘t)) Y;(AZa,'n,t, ELant; ‘Jtz), Ze(AZant; ELant; ‘-nz))

which predicts, on the basis of the ideal elastic model of the telescope, the co-
ordinates of 9% in the geometric elevation frame to be expected when the ideal
telescope is moved to azimuth angle AZ,,; and elevation angle E Lqmn;.

Likewise, there is a mapping:

(7.2)

Xe(&k) = xe(AZant)ELant§ ELsurf—Rig; 3’:) : R2 x R x E3 — B3

defined by

(Xeg(ELsurf_rig; gk); Y;g(ELsurf_rig; 8:1:)) Zeg(ELsurf_rig; %'k)) -
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(Xe(AZanhELant; 071), Ye(AZant, ELant; mz), Ze(AZant;ELant') {nv.))

which predicts, on the basis of the ideal elastic model of the telescope, the co-
ordinates of § in the geometric elevation frame to be expected when the ideal
telescope is moved to azimuth AZ,,: and elevation E Lgn:.

At node points associated with either feed arm laser stations or main reflec-
tor target retroprisms one defines transformations of local coordinate frame basis
vectors in a similar way.

The orientation of the as-built Green Bank Telescope could be described by
pointing and elevation angles: AZguqp and ELges . These would represent, in
some sense, best estimators for the telescope azimuth and elevation shaft angles
of the as-built telescope relative, respectively, to astronomical South and the local
gravity horizon. Physical definitions for these angles are not intuitively obvious.
To define them, should be able to measure them. Direct measurement is non-
trivial.

Two conventional candidate measurement procedures are available. One can
measure shaft orientations by reading electromagnetic shaft encoder angle read-
outs. Or, one can orient the telescope to observe well-known celestial objects
at well-defined times, pointing the telescope to observe maximum received radio
signal at the telescope’s prime focus. Neither of these methods is direct. Angle
encoders may have readout error. Corrections for atmospheric refraction must
be made, including corrections for azimuth and elevation, and the atmospheric
variables: temperature, pressure, and relative humidity. Corrections for shaft im-
perfections must be made.

A third candidate method of measuring AZp,f¢ and ELgp,y: is to determine
best estimator angles: AZgn; and E L,y for these angles, by range distance mea-
surements using laser rangefinders, followed by a best fitting of the observed® and
adjusted set of ranges to the the ideal mathematical model of the deformable
telescope.

Antenna Azimuth, Astronomical Azimuth, Encoder Azimuth:
Their Ranges And Sign Conventions.

61



The telescope models given in this memo use the variable AZ,,, to describe the
antenna structure. This variable was defined in the reference drawings [King-1].
AZyn: is measured counter-clockwise from astronomical South, looking down on
the telescope. That is, when AZ,,; = 0, the Y, axis points to South, and when

s
AZ s = 3 radian, the Y,, axis points to East.

This is not the azimuth convention preferred by astronomers, when employing
a topocentric azimuth/elevation horizon system of coordinates to describe celestial
radio sources, or pointing radio telescopes. The preferred astronomical azimuth
is measured clockwise from astronomical North, looking down to ground from the
sky. That is, when the true astronomical azimuth of a radio source is zero, the
observer looks to astronomical North, and when true astronomical azimuthof a
radio source is equal to il radian, the observer looks to astronomical East. The

range of astronomical azimuth is conventionally 0° to 360°.

When discussing the telescope model in relation to observation of radio sources
it will be convenient to work with not AZ,,;, but with its supplement. Define

(7.3) AZ =7 — AZ,,; .

When applying laser ranging measurements to telescope pointing problems it
will be convenient to work with the variable AZ in place of AZ,,; . The variable
AZ has the same rotational sense, and the same zero direction as astronomical
azimuth.

The variable AZ is a variable associated with mathematical models of the
telescope, and is not yet defined defined for an as-built physical telescope. A
correspondiing azimuth variable must be defined for the physical telescope to de-
scribe azimuth orientation of the alidade structure of the GBT, a variable which
can be measured optically.

When defining the physical rotational position of the alidade structure, it is
most convenient to use the same rotation sense and zero direction as for astro-
nomical azimuth. Let us use a new variable: AZg4;, to describe the rotation
angle of the alidade shaft (defined by the local alidade structure aligned by the
pintle bearing ). It increases in the same sense as astronomical azimuth. We use
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the following criterion to define the zero direction of: AZg,:: When the telescope
tipping structure is set to the rigging elevation angle and the main reflector sur-
face is shaped as the parent paraboloid, the horizontal component of the direction
of the paraboloid axis is towards astronomical North when AZ .4 = 0.

One of the measurement instruments used to measure AZg,;; is the azimuth
angle encoder. The azimuth encoder is an optical analog-to-digital angular mea-
surement transducer that divides a circle into a specific number (222) of discrete
shaft positions; its output signal amplitude increases linearly with increasing az-
imuth shaft angle for a correctly manufactured encoder. (For the GBT encoder,
output count and azimuth shaft angle increase as astronomical azimuth of an
observed source increases). For an imperfect encoder one can generally find a
correction function to convert output count to shaft angle. Let us call the nom-
inal angle readout (linear with count) of the encoder AZ.ncoger- The readout an-
gle of the azimuth encoder increases in the same sense as astronomical azimuth.
The GBT azimuth encoder is designed to have an angular range of operation
—270° < AZencoder < 270°. The encoder angle readout when AZgp,p; = 0 is called
the zero offset angle of the azimuth encoder.

We can define corresponding quantities to describe elevation of the tipping

structure. The range of the elevation encoder is 0 < E Lencoger < (% .

When laser ranging measurements are used in the determination of pointing
variables of the GBT, by determining coordinates of appropriate sets of fiducial
reference points, the measured ground frame coordinates of these fiducial points
are used to fit the tilted deformed model of the telescope, and the calculated val-
ues obtained, by fitting, for F L,y and m — AZ,,,; are used as estimated measured
values for FLgap and AZgpes:.

Telescope Pointing.

Call the output readings of the azimuth and elevation shaft angle encoders
AZencoder ANA E Loy coqer Tespectively. Let us write:

(74.1)  AZspast = AZencoder + AZD + AZO) + AZ®) 4 AZD 4 .

7.4.2 ELgost = ELencoger + ELV + EL® + EL®) + EL® + . .
f
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The terms AZ® and EL® are pointing correction terms, to be determined,
and are functions of encoder readout angles AZncoger and E Lencoder-

The angles AZgpqfe and E Lgpqs: do not include atmospheric refraction. They
specify best-estimate spatial orientations of the alidade and tipping structures
with respect to a local terrestrial topographic frame (the ground frame).

We wish to observe an astronomical point source emitter, at local apparent
sidereal time: LAST, and true local terrestrial azimuth (neglecting atmospheric
refraction): AZ.ye(Source, LAST) and elevation E Ly,.(Source, LAST). At the
telescope, because of atmospheric refraction, the apparent azimuth and elevation
of this sky object are different from true azimuth and elevation. We may call
them AZgpparent and E Lgpparent- The apparent direction of the radio source de-
pends upon the atmospheric refractivity profile along the ray-optical path from
sky to earth for radio propagation from the direction AZ¢ye, ELtrye at the time
of observation. We may write:

(75) ELapparent = ELtue + AngraCtiM), AZa,pparent = AZtrue + Aggfractifm).

In general, the azimuth refraction correction term is small and is usually neg-
ligible. The elevation correction A%e/™%™ helow 100 GHz observing frequency,

is given in section 1.2.5 of [Wells-2].

To point the telescope, in the absence of elastic gravity-load deformation, the
apparent azimuth and elevation of a radio source would be set to coincide, respec-
tively, with the azimuth and elevation shaft angles of the telescope. But the main
reflector will be deformed from a parabolic shape, unless reshaped using the main
surface acuators. In the present discussion, telescope operation is assumed to oc-
cur so that the main reflector will be reshaped into a best fit paraboloid which is a
function of the telescope’s shaft elevation angle, F Lg ¢ Detailed computations
of the configuration of the best fit paraboloid have been given in GBT Memo 131,
by D. Wells and L. King [Wells-2], including the C-language computer codes to
implement these calculations. There is an elevation-shaft-angle dependent shift
of the best fit paraboloid’s axis from the elevation angle of the shaft.

(7.6) ELysp = ELghage + ASP)

64



The current elastic model of the telescope tipping structure does not indicate
an azimuth shift due to gravity loading, but we may formally include such a term,
in case the elastic model requires a later update if construction asymmetries arise
during telescope construction. Formally we can write,

(17)  AZygp = AZpage + ADF .
The incremental term in (7.6) is calculated from the elastic model of the tip-
ping structure, and has been given in [Wells-2]. The incremental term in (7.7) is
assumed to be zero, unless a non-zero term is required by an updated elastic model.
To point the telescope, allowing for elastic gravity-load deformation, the ap-
parent azimuth and elevation of the radio source are set to coincide, respectively,
with the azimuth and elevation angles of the best fit paraboloid.
When the telescope has been pointed:
(7.8)  ELrue + ALTHN — BL  AZyue = AZysy .
The pointing equations for the telescope are then:

(7.9)  ELtye(Source, LAST) + Angraction) _

E Lencoder + Agip) + Z E L(k) 5
k

(7.10) AZ;ye(Source, LAST) =

A coter + DG + 5" AZ®)
k

One wishes to solve these equations for E Lepcoger and AZpcoqer; their solutions
are the setpoint values for the shaft encoder angle outputs to be read out when
the telescope points to the radio source. That is, encoder outputs FE Lepcoger and
AZ encoder which satisfy (7.9) and (7.10) are, respectively, the commanded elevation
and azimuth encoder outputs E L ommand and AZcommand required for pointing to
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be achieved. Angles FL;,.,. and AZ,.,. are given input parameters in the equa-
tions; they are obtained by converting celestial coordinates of the radio source
into terrestrial topographic direction coordinates in the local horizon coordinate
system.

The equations are complicated, because the sum terms are themselves func-
tions of E' L eycoder a0d AZ pcoger- The refraction terms are functions of the true az-
imuth and elevation of the radio source. This complication is mitigated by the fact
that the correction terms are slowly-varying functions of their arguments. Negli-
gible error should be generated by replacing the independent variables E Lepcoger
and AZ.,.oder in the sum terms by E Ly and AZy.,.. (If one wishes to correct
such small errors one can compute the encoder angles, making such a replace-
ment, and then modify the solution by adding additional terms corresponding to
the Taylor’s series expansions of the sum terms about the encoder angles. This
will not be attempted here.).

The sum terms in (7.9) and (7.10) are usually obtained by associating each
term with a particular mechanical or thermal deviation of the telescope structure
or encoders from their nominal design characteristics. Examples of mechanical
effects to be corrected are: are encoder angle index offsets, encoder eccentricity,
encoder cyclic errors, deviation of the azimuth shaft from verticality , lack of
perpendicularity between elevation and azimuth shafts, offset error due to non-
intersection of the azimuth and elevation shaft axes, elevation-dependent flexure
of the alidade structure, main reflector flexure. An example of a thermal expan-
sion effect is a roll of the tipping structure about the horizontal feed arm due to
unequal solar heating of the two alidade legs.

Equations of the form (7.9) and (7.10) describe a “traditional” pointing model
of the telescope. Traditional pointing models were developed for the following
azimuth-elevation instruments, among others: the Haystack telescope [Meeks-1];
the 36-foot millimeter wave telescope at Kitt Peak [Schr-1], [Ulich-1]; the 30-meter
IRAM millimeter wave telescope [Greve-1]; the ESSCO 45-foot antenna at Green
Bank [Ghigo-1]. Von Hoerner [Hoe-1] suggested a traditional pointing model for
the GBT.

The terms in von Hoerner’s traditional pointing model for the GBT are:
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Term

ELM
Az@)
EL®
AZ@)
EL®
AZ®)
EL®
AZ@
EL®
AZ6)
EL®
AZ©)
EL™
AZ®
EL®
AZ®
A ngraction)
A S:; fraction)

A series of memos is available presenting the pointing model for the equatorial
140-foot telescope at Green Bank, and its modifications over two decades of tele-
scope operation. ( [Gor-1], [Hoe-2| to [Hoe-6], [Madd-1], [Pau-1] ). In particular,
memos by von Hoerner give an in-depth presentation of the problem of differential

Cause

Azimuth axis offset to North by P;
Azimuth axis offset to North by P;
Azimuth axis offset to East by P,
Azimuth axis offset to East by P,
Elevation axis deviates from L
to Azimuth axis by P
Zero elevation offset, feed offset to Y’
Zero elevation offset, feed offset to Y’
Beam not L to Elevation axis, feed
offset to X
Zero azimuth offset
Zero azimuth offset
Gravity, symmetrical
Gravity, symmetrical
Gravity, asymmetrical
Gravity, asymmetrical
Refraction
Refraction

Value

P cos(AZ)
Pytan(EL)sin(AZ)
P, sin(AZ)
-P,tan(EL) cos(AZ)
0
Pstan(EL)
Py
0
0
Pssec(EL)
0 )
Fs
Py cos(EL)
0
Pg sm(E'L)
0
(Form not given)

0

thermal effects on telescope pointing, and methods used to overcome them.

Alternatively, one can present encoder setpoint elevation and azimuth angles
as a two-dimensional Fourier series expansion in true elevation and azimuth an-
gles, to model radiotelescope pointing. Individual terms in a Fourier series model
of the telescope are not given unique physical interpretation. A model of this type
has been given for the GBT by J.J.Condon [Con-1]. Condon’s model is currently
scheduled for implementation on the GBT. In Condon’s pointing model, equations

(7.9) and (7.10) are replaced by series of the form:



(7.11) ELgye(Source, LAST) + Ang 79UN) B Lecommand =

gmax pmax
d&l 4+ >N ag"l‘) sin(p- AZ)sin(q - EL) + & cos(p- AZ)sin(q- EL)

g=1 p=1

+c (B sin(p - AZ) cos(q - EL) + d{ED cos(p - AZ) cos(q - EL).

(7.12)  AZspye(Source, LAST) — AZommana = dg 2+

gmax pmax
+sec(BL)- Y. > ali?sin(p- AZ)sin(q- EL)+b4?) cos(p- AZ)sin(q- EL)

g=1 p=1
+c§,‘;z) sin(p - AZ) cos(q- EL) + dg;z) cos(p- AZ) cos(q- EL).

One can use angles FL¢y,. and AZ;.,. in the right hand sides of the above
equations, to sufficient accuracy. (These are determined by the calibration sky
object, at the time of observation). The commanded elevation and azimuth angles
are computed using these equations. It is possible to partition and reserve certain
terms in the above series to represent explicitly those pointing corrections which
are due to waviness of the alidade track. Also, some of the low order Fourier

terms correspond uniquely to physically defined terms in the traditional pointing
model. This is discussed in [Con-1].

In Condon’s GBT Memo 75, the source of the Fourier coefficients is not dis-
cussed. Passing reference is made to astronomical measurements of calibrator
radio source positions and laser ranging measurements, but no detailed sugges-
tions are given for coefficient determination. If sky radio source positions are used
to determine telescope pointing, effects of subreflector and feed arm motions on
the pointing determination must be removed or corrected. That is, feed arm mo-
tions and deformations and subreflector position and orientation should not enter
into the pointing equations as additional variables or error sources.

The modular software and control implementation of the GBT Pointing Sys-
tem, which is to perform antenna pointing and focus tracking tasks, is described

in GBT Memos 103 [Fisher-1] and 122 [Hogg-1].

In [Hogg-1] a distinction is made between “pointing” which involves bringing
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radiation from a sky object to a prime focus, and “focus tracking”, which deals
with bringing the radiation from prime focus to a receiver, via the subreflector. In
Condon’s pointing model such a distinction is not defined. If pointing coeflicients
of Condon’s model are to be determined by astronomical measurement procedures,
it is important to understand the practical effects of focus tracking considerations
on these measurements. That is (for example), receiver feed positioning, feed arm
elastic deformations, subreflector position and orientation should either not af-
fect the pointing coefficient measurements or should be compensated or removed.
Possible effects of focus tracking interactions involving the feed arm, subreflector
and receiver feed positioning on pointing coefficient determination need some ex-
amination. One should insure that pointing is in fact determined independently
of the behavior of components on the feed arm.

Laser metrology could be of help in determining pointing, independent of feed
arm component behavior. We discuss this and give examples in the paragraphs
which follow.

It should be practical to use laser rangefinder measurements of structural fidu-
cial reference point positions, when the GBT telescope is moved in elevation and
azimuth, to obtain individual terms in a traditional pointing model of the GBT.
By including pointing terms which are both assignable to a particular structural
deviation and measurable by laser rangefinding explicitly in the pointing model
one could decrease the contributions of arbitrary terms to the pointing model. It
is also possible to measure separately the translational and rotational motions of
the alidade structure due to waviness of the alidade track when telescope azimuth
is varied. During the initial calibration of the GBT, measurements of the follow-
ing types would be made:

Measurement 1.  The tipping structure is fixed in elevation. The telescope
is rotated 360° in azimuth. Orbit curves, in space, with respect to the ground,
are measured for fiducial reference points of retroreflectors attached to the ali-
dade structure. In particular orbit curves are measured for diametrally opposite
retroreflector pairs at approximately the same height above ground. If the alidade
track is flat and horizontal, these orbit curves should be horizontal circles. If the
track has a mean tilt from the horizontal the orbit circles will display this tilt. If
the track is wavy or if the alidade truck wheels are nonuniform the orbit curves
will show a wave departure from circularity. One can also determine the effect of
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track waviness in generating azimuthal twist of the elevation shaft with respect to
the alidade base (a deformation considered significant by Condon) by looking at
differential changes in the azimuthal orientation of displacement vectors between
diametrally opposite alidade fiducial point pairs near the top and bottom respec-
tively of the alidade structure, as azimuth is varied.

Measurement 2. The alidade is fixed in azimuth. The tipping structure is
rotated 90° in elevation. The orbit curves in space, with respect to the ground,
are measured for fiducial reference points of retroreflectors on the feed arm and
box structure. If the elevation shaft is horizontal, the retroreflector fiducial point
orbit curves will be (approximately 90°) arcs of vertical circles. If the elevation
shaft is tilted from the horizontal, the orbit curve planes will no longer be vertical,
and will show this tilt. Deviations of the elevation shaft from the horizontal can
be caused either by non-perpendicularity of the elevation and azimuth axes, or
by alidade track waviness. By making these measurements at each of several dif-
ferent azimuths, and also using the results of Measurement 1, the effects of track
waviness and axis non-perpendicularity can be separated.

Measurement 3. The alidade is fixed in azimuth. The tipping structure is
rotated 90° in elevation. The orbit curves in space, with respect to the ground,
are measured for fiducial reference points of retroreflectors high on the alidade,
located beneath the elevation shaft bearings, and also for alidade retroreflector
fiducial points located near the base of the alidade. If the alidade were perfectly
rigid, and the tipping structure were balanced so that it exerted no large bending
moments on the alidade, these alidade fiducial reference points would not move.
If they are observed to move, the bending of the alidade structure can be deter-
mined from their orbit curves.

It seems likely that these and other laser measurement schemes can be devel-
oped in detail as practical aids to achieve GBT pointing. But laser measurements
can also be used to observe changes in the pointing model of the telescope as the
telescope ages, and can flag when the model needs updating or upgrade.
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8. DISCUSSION.

We now discuss the motivation and applications for the telescope coordinate
modeling presented in the earlier chapters. The GBT possesses features which are
unusual or unique among radio telescopes. It has an actively driven main reflec-
tor, gregorian configuration with offset feed, and an active laser ranging metrology
system which will dynamically measure reflector surface shape and subreflector
position, monitor pointing, vibrations and structural features to provide informa-
tion about dynamic telescope behavior. For the ranging system to achieve these
goals, it must dynamically aim feed arm laser ranging beams at moving target
reflectors, while possibly in motion as these targets are scanned.

Range measurements are made as follows [Payne-1]. An intensity-modulated
light beam is transmitted over the measurement path, reversed by a target retrore-
flector, and returned to the scan instrument. The phase of the return beam’s
modulation envelope is measured and compared to that of the outgoing beam.
A corresponding phase measurement is made over a comparison path, to remove
common mode path [from the laser output face to the scan mirror center (outgo-
ing) and from scan mirror center to photodetector surface (return)]. Corrections
relating target prism optical center to the telescope surface are discussed in [Gol-
1]. The difference between measurement path and comparison path phase delays

2d, . . .
is 210 | =2 |, where dopt 1s the optical path length from the scan mirror center

)\mod
to the optical center of the retroreflector. Phase detector output is the phase de-

lay, modulo 27. Distance from scan center to target center is determined modulo
the modulation wavelength Amod, after the path length is corrected for refraction.
Range measurement is modular, not absolute. There is ambiguity of a multiple
of Amod/2 in each measurement. GBT ranging instruments do not provide mul-
tiple modulation frequency capability, to resolve the ambiguity. Distances to be
measured should therefore be known a-priori to Amea/2.
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During GBT operation, feed arm displacements at the ranging stations varies
by several modulation wavelengths, as telescope elevation changes. Distances
from range scan centers to targets changes by several modulation lengths. Atti-
tude changes of range station platforms to the main reflector are also significant,
requiring changes in commanded scan angles. Additionally, actuators may move
to alter the main reflector surface. A-priori information concerning scan mirror
position and attitude and main reflector target center must be accurate enough
to avoid ambiguity. The model of the deformed telescope (with alidade correc-
tions) presented in this memo is intended to supply computational tools to get the
needed a-priori information. It is expected that the model will be coded in object
oriented language, and that data bases of fiducial and node point coordinates, at
some reference elevation, will be supplied. Computed distances and attitudes can
then be used to remove distance ambiguity and correct commanded scan aiming
angles so that each demanded range measurement is achieved.

Reference Optical Telescope, Design Telescope and Tilted
Geometric Telescope.

The first two models were developed to trace how basic design dimensions for
the GBT are derived from fundamental optical parameters, and to present a self
consistent set of design dimensions (Appendix I) and relate them to GBT design
drawings. The geometric telescope model was developed to define geometric ref-
erence frames used to describe a more general, as-built telescope. In section 6,
this model is extended to allow shaft offset and misalignment. Coordinate and
basis vector transformations relating local reference frames are given in Appendix
I. Transformation matrices are given symbolically, to allow substitution of as-built
telescope dimensions in place of design dimensions. Additional reference frames,
besides those appearing in the GBT design drawings, are defined for the feed
house, turret, and receiver feed flanges, to provide a nomenclature and framework
for description of microwave receiver component locations.

The Tilted Deformed Telescope.

Using frames defined for the tilted geometric telescope as reference frames for
the telescope whose tipping structure is deformed in accord with the Finite El-
ement Model, position shifts of structure node points and retroreflector fiducial
points were calculated. Attitude shifts of laser platforms were calculated, to find
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laser beam aiming corrections as a function of tipping structure elevation. The
model also provides equations to predict range changes between station scan mir-
rors and main reflector target centers, as elevation varies. It also allows one to
calculate improved distances between feed arm scan centers and ground retrore-
flector fiducials, to get ground frame coordinates of the feed arm laser scan centers.

Determination of Azimuth and Elevation.

Use of laser ranging to assist with pointing of the GBT was discussed in [Payne-
2] and [Wells-2] , and is mentioned in passing as an aid to determination of Fourier
coefficients for Condon’s pointing model [Con-1].

If laser metrology is to assist with pointing, the laser range measurement tasks
and range distance analyses for this purpose must be defined carefully. We briefly
review the pointing process, and then discuss possible use of laser ranging to assist
with this task.

We start with an astronomical source which is to appear at known appar-
ent horizon system elevation and azimuth, at a known time. To best observe
this source, the telescope primary must be shaped to an appropriate paraboloid.
(This is preferably the best fit paraboloid corresponding to the source elevation,
but might also be the most recently available paraboloid if surface actuators can
not be adjusted for this measurement). The telescope is driven in elevation and
azimuth until the axis of the available paraboloid coincides with the apparent
direction of the radio source. This is done by entering commanded position an-
gles into the telescope servo system and driving (ELencoger — F Leommana) and
(AZencoder — AZcommand) t0 zero, so the telescope points to a direction in space cor-
responding to the condition that the encoder angle readouts are the commanded
angles. Angles E L smmand @81d AZcommana 2re near to but not equal to the appar-
ent radio source angles. Proper command angles can be obtained from the source
angles if one has a pointing model of the telescope (e.g., either a traditional or
Condon’s). The pointing model consists of a trigonometric series expansion in
source elevation and azimuth (as independent variables) for the commanded ele-
vation, and a trigonometric series in source elevation and azimuth for commanded
azimuth. The usual procedure used for determining a pointing model for a radio
telescope is to use microwave holography with a radio source which is either a
stationary satellite or a celestial maser. At the GBT, holography can be supple-
mented with laser ranging metrology.
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Considerations for applying laser metrology to pointing are given in [Wells-2].
Wells suggests using retroreflectors at several heights on the alidade legs to de-
tect and measure thermal distortion, and retroreflectors near the elevation axle
bearings to determine axle orientation. Alidade retroreflectors can also be used
to find alidade azimuth rotations from an azimuth reference. We note that they
may also be placed beneath opposite ends of the box structure supporting the
main reflector, along a line perpendicular to the elevation shaft. Rotation of the
line joining these retroreflectors can be used to find changes in tipping structure
elevation from an elevation reference angle, for example F Ly ¢ _rig. Use of laser
rangers to determine alidade track pointing variation due to track waviness was
discussed in section 8.

Determination of the Fiducial Point Coordinate Data Base.

To use laser ranging for telescope metrology one must possess a data base list
of fiducial reference point coordinates. It can be acquired as follows.

One first performs a ground control survey. Using theodolites and a total
station equipped with a boresighted Electronic Distance Measurement laser, one
measures and adjusts a survey control network. (A TOPCON total station is
available at Green Bank). The EDM ranging laser has frequency diversity opera-
tion and measures absolute distance to within three millimeters. The control net
includes ground based retroreflector fiducials, metrology laser scan center fidu-
cials, and reference monument fiducials. The adjusted network distances will be
accurate to three millimeters, which is much shorter than the laser beam 10 cm
modulation half wavelength. The network is then resurveyed by trilateration us-
ing metrology ranging station lasers. The needed modular distance corrections
are now available from the preliminary survey results. Adjusted distances of the
resurveyed network are expected to have accuracy near 50 um. One then has accu-
rate position coordinates available for the ground based fiducial reference points,
and has accurate distances between range station mirror scan centers.

One independently determines orientations, with respect to the ground frame,
of the kelvin mounts and the laser scan axes of the ground ranging stations using
conventional surveying methods. One can then use scan elevation and azimuth
readouts of a ranging beam to find direction cosines of the beam’s direction vector
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with respect to ground reference frame coordinate axes. One can then triangulate
from a pair of laser ranging stations at known separation from one another to a
target retroreflector on the telescope, to obtain an unambiguous range from that
target to each of the laser scan centers, to an accuracy near one centimeter. That
is, one uses scan angle readouts, when a target is ranged, to compute the angles
between the laser beam directions and the line segment between the scan centers,
and then uses the accurately known distance between scan centers to compute
ranges, using the law of sines for the triangle whose vertices are the scan centers
and target fiducial point. Scan angle readouts on the laser stations are accurate
to about 27 x 107° so they can be used to compute range to an accuracy of about
lem. A triangulation range is accurate enough to supply the modular part of
the range distance from laser scan center to target. Accurate distance is then
obtained from range phase output, after triangulation range information is made
available.

For fiducial points associated with ground based lasers and target retroreflec-
tors, the data based coordinates are the fixed ground frame coordinates obtained
from the control survey.

For alidade based retroreflectors, data base coordinates are measured when
the tipping structure is set at a selected reference elevation, preferably F Lgyrs_ri-
Coordinates are measured by ranging when the alidade is set to an arbitrarily
selected azimuth reference angle. Those reference angles can initially, during
telescope commissioning, be shaft encoder output angles and can be corrected
subsequently to true source angles, after a pointing model has been obtained. If
time permits, during commissioning, it would be valuable to obtain coordinates
of targets on the alidade, with the alidade set at its reference azimuth and the
tipping structure set to the upper and lower extremes of elevation.

Alidade fiducial retroreflector coordinates, at reference azimuth, can be listed
as either ground frame coordinates or (after transformation) as geometric alidade
coordinates.

Measurement of feed arm fiducial reference point coordinates should be done
by laser ranging from ground based lasers and by ranging from feed arm lasers
to ground based retroreflectors, with tipping structure set to the surface rigging
elevation angle, FL,s_rig . If direct laser-to-laser ranging can be done, range
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measurements between laser scan center points should be made separately in each
direction, feed arm to ground and ground to feed arm. Feed arm retroreflector
fiducial point coordinates should be data based as geometric elevation coordinates.

Summary.

The GBT was modelled geometrically to provide a framework to locate posi-
tions of fiducial reference points on the telescope structure and to describe their
expected position changes as the antenna moves. Corrections in position due to
gravity load deformation of the tipping structure, as calculated by the tipping
structure’s finite element model, were derived to provide aiming corrections for
feed arm lasers used for main reflector surface determination.

Laser ranging measurements are modular, and are not unambiguous. Initial
estimates of position, good to one half modulation wavelength (near 10 cm) are
needed to eliminate ambiguity. It is practical to obtain a measured data base of
fiducial point coordinates for a single telescope pointing position and then use a
geometric model of the GBT to compute coordinates of any selected fiducial point
at arbitrary elevation and azimuth. Model computations developed in this memo
provide a way to do this.

It is expected that computations developed in this memo will be coded in ob-
ject oriented code, and a data base of measured fiducial point coordinates will be
developed during commissioning of the telescope. Subsequently, a data base of
fiducial positions and the telescope model will be available to evaluate laser range
measurements used to improve the pointing and study the dynamic behavior of
the telescope.

As a final comment, I express the hope that this memo can serve as a basis
to stimulate discussion and innovation with regard to use of laser metrology as a
tool for diagnostics and operation of the GBT. Dynamic laser metrology is a new
and promising tool for radiotelescopes. It should be used to to the full extent of
its capabilities.
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Appendix |. Matrix Relations For The Ideal Geometric Telescope.

We use the following abbreviations:

AZant is the antenna azimuth angle.

(S:ﬁ : f:sﬁzzaa:tt ELant is the antenna elevation angle
SE = sin ELant
CE = cosELant
Spf = sin 45.5 degrees SB = sin §
Cpf = cos45.5 degrees CB = cos B
Ss = sin 36.7 degrees ST = sin (a—p)
Cs = co0s 36.7 degrees .
CT = cos (a-f)
Spr = sin (ELant + 45.5 degrees) SET = sin (ELant+ a-p )
C pfE = cos (ELant + 45.5 degrees) CET= cos (ELant+ a—p )
Ssg = sin (ELant + 36.7 degrees)

Csg = cos (ELant + 36.7 degrees)

Soa = sin (2 AZant)
C 2A = Cos (2 AZant)

pe p re dpr = A
dpe = dpe hpe = hp-hpp
hes = hp + By dy _ dp+CTdyy
dis = dgp hy =  hp-hp,-STdg,
hse = hy + hp de = dg + d.
R he = hy + by
drce = SIBP‘

2
B
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Numerical Values Of The Transformation Parameters.

The following parameters are functions of the antenna angles, AZant and ELant :
SA , CA, SE, CE,

SET = sin (ELant + 12.329 degrees), CET = cos (ELant + 12.329 degrees) ,
Spe + CpE+ S2a +» €24+ S . Cg

The numetical values of the trigonometric parameters are:

Spf = 0.713250449
Cpf = 0.700909264
Sy = 0597625147
Cy = 0801775644
SB = 0.097061786
CB = 00995278357
ST = 0213524886
CT = 0977271823

Two sets of values for the length parameters are provided. The table to the left
gives values derived from the reference optical telescope model. The table to the
right gives values derived from from design values stated on the GBT drawing
C35102M081-B, which are the optical telescope values rounded to the nearest
millimeter .

Length Parameter Reference Optfical Design Drawing Value
Telescope Value
(centimeters) (centimeters)
d mp 106.7680 106.8000
hmp 1094.8062 1094.800
d p 429.1726 429.2000
hsp 380.2874 380.3000
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4826.0000

499.9990

5843.9110

6000.0000

6499.9990

5843.9110

6429.1726

429.1726

6929.1716

6273.0836

53.3840

5452.5969

106.7680

4905.1938

142.2400

245.7751

4874.8220

6089.6861

5374.8210
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4826.0000

499.9990

5843.9110

6000.0000

6499.9990

5843.9110

6429.2000

429.2000

6929.1990

6273.1110

53.4000

5452.6000

106.8000

4905.2000

142.2400

2457681

4874.8282

6089.6791

5374.8272



Alidade To Base Transformation:

X Xag
= R12 +
Z 7 ag
-CA SA O
[R12] = |-SA -CA 0
0 0 1
< -CAX agt SA'Y ag
vl = -SA-X ag ™ CA'Y ag
Z Z ag

Base To Alidade Transformation:

2g
=[R2
Y e RA] 1y
Z og z
_CA -SA 0
[R21] = [SA -CA 0
o 0 1
X o -CAX - SA'Y
Y| SAX - CA'Y
Zag z

(r12]

[r2]

0

Alidade Frame Origin:

[T21]
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[T21]

X(Ag)

Y(Ag)
Z(Ag)

0



Elevation To Alidade Transformation:

X ag X eg
= [R23] |y + [T23]
ag eg
Z ag Z eg
1 O 0
[R23] = 0 SE CE . 3 = |0
0 -CE SE he
X ag X eg
ag| SEY g+ CE-Z ¢g
Z,g -CE'Y oo+ SEZ gg+h,
Alidade to Elevation Transformation:
X eg X ag
Y = [R327] |y ag +  [T32] ' (132 = [R32)(-1)[T23]
€g
Z eg Z ag
1 0 0 0
_ = CE-h
R32 = 0 SE -CE , [T32] e
0 CE SE -SEh,
X eg X ag
Yeg| = |SEY gq-CEZ,4+CEh,
Zeg CE'Y 45+ SEZ 5o - SEh,
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Elevation To Base Transformation:

Xeg [R13] = [R12][R23]
- = [R13] |y + T3]
€g [T13] = [T12] + [R12][T23]
V4 Zeg
-CA SA-SE SA-CE
[R13] = |-SA -CA'SE -CACE| T3] =
0 -CE SE e

X -CA-X ¢y + SA'SE'Y ¢+ SACEZ ¢
Y = -SAX oo~ CASB'Y oy - CACEZ o
z -CEY g+ SEZ g+ b

Elevation Frame Origin:

X(Eg) 0
Z(Eg) he

Base to Elevation Transformation:

eg
= [R3] |y +  [T31] , [T31] = [R31](-1)[T13]
eg
Zg z
0
CA -SA 0 cEb
[R31] = |SASE -CASE -CE| s, = e
SA-CE -CA-CE SE -SEh,
X og _CAX - SAY
Yeo| = SA-SEX - CA-SEY - CEZ + CEh,
Zeg SA:CEX - CACE'Y + SEZ - SEh,
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Reflector To Elevation Transformation:

X eg X g
= R34 + 34
Y [R34] |y " [T34]
Z eg Z g
0
100 d
R34 = [, , 4] = |dre
001 hre
X eg X g
eg = Y g~ dre
Z eg Z rgt ho
Elevation To Reflector Transformation:

X g X eg

Y " = [R43] Y g + [T43] , [T43] = [R43)(-1)[T34]

Z rg Z eg

0
100
010 [T43] = Ire
[R43] = ’ B h
001 re
X g X eg
Y g - Y egt dre
Ig Z eg™ hre
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Reflector To Base Transformation:

X X
v = [R14] |y +  [T14] [R14] = [R13][R34]
" [T14] = [T13] + [R13][T34]
Z Z g
-CA SA-SE SA-CE -SA-SEd .+ SA-CEh
M4 = SE-d__— CA-CE.
[R14] = |-SA -CASE -CACE| CA-SEd, .- CACEh
0 &SP CE-d o+ SEh+h,
X -CA-X gt SA-SE'Y gt SA-CE-Z 5" SA'SE'dre ¥ SA’CE’hre
= -SAX - CASEY ,~ CACEZ,,+ CASEd - CACEh
z

-CE'Y 1+ SEZ g+ CEdpe + SEh o+ h

Reflector Frame Origin:

X(Rg) -SA-SE-d .+ SA-CE-h ,
Y(Rg)| = CA-SEd - CACEh , (=1[m4)
Z(Rg) CE-d+SEh . +h,
Base to Reflector Transformation:
X X
v = [R41] |y + [T41] , [T41] = [R41](-1)[T14]
g
Zyg z
-CA -SA 0
[R41] = SA-SE -CA-SE -CE
SA-CE -CA.CE SE
CA  .SA 0o || SASEd-SACEh_ 0
11 = |SASE -CASE -CE||-CASEd+CACEh,| = dpe+CEhg
SA-CE -CA-.CE SE _ -CE-d .- SEh .- h, -h - SEh,
rg -CAX - SA'Y
g ® |SASEX -CASEY -CEZ +d_+CEh,
Z,g SA-CE-X - CA-CE'Y +SEZ ~h - SEh,
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Prime Focus To Reflector Transformation:

=<
o

g pg
= [R45] +  [T45]
Yig Yp
Zrg Zpg
0 0 1 0
[R45] = Cpf -Spf O , [T45] = hO
Spf Cpf 0 p
Xrg| Zpg
Yorg = CpfXpg=Spf¥pg
ng Sprpg+Cprpg+hrp
Reflector To Prime Focus Transformation:
X pg . Xrg
= [R54] +  [T54] , [T54) =
Ypg Yog
Zpg Zrg
0 Cpr Spf -Sprhp
[R54] = O -Spf Cpr| » [4 = “Cphrp
1 0 0 0
% pg Cof Yrg* Sprlrg~ Sprhp
Y pe “Spf Yrg* Cprlrg= Cprhp
Z pg Xrg
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Prime Focus To Base Transformation:

X X pPg
Y = [R15] |y + [T15] [R15] = [R14][R45]

P [T15] = [T14] + [R14][T45]
2 Z 224

[ SA'S,m SACpm -CA
R15 =
[R13] -CA'S pg -CAC \ -SA
| CpE Spm O
[ SA-CE-he- SA'SEd,,
[T15] = -CA:CE'hpe - CASEd
| SEhpe+CEd +h,
X SA-Spf X pg+ SA-C p-Y o~ CA-Z o+ SA-CEh o - SA-SEd
Y -CASpiX pg = CAC Y o~ SAZ o~ CA-CE-h - CASEd
Z -Cpr-ng-i— SpﬂE'ng+ SE‘l~hpe1-CE-dre-i—he

Prime Focus Frame Origin:

X(Pg) SA-CE-h o~ SA-SEd
Y(Pg) 'CA'CE'hpe_CA'SE'dre (= [T195])
Z(Pg)

SE-hpe+ CEdt+h,
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Base to Prime Focus Transformation:

pg

pg
Pg

[R51]

s =

s =

X pg
Y pg
Z pg

R51] |y + s, rs11 = [RS(-N[T19]

SASpm -CAS,m -Cpm
SA-C o -CACpm Spm
-CA -SA 0

SA'S p -CASp -Cpp | [-SACEhpe + SASEd
SA-C o -CACpm Sy || CACEhye+ CASEd,

-cA -SA 0 || -SEhpe-CEd-h,

C pfE (SEhpe+ CEd o+ he) ~ Cop'S pp-SEd e~ Spqp-CE-h e
-8 pfe (SEhpe+ CEd o+ he) ~ Cop-CopSEd — C m-CEh
-SoA'SEd .

SASpX - CASpmY - CpmZ +C - (SEhpe+ CEd o +h ) - Cop'S pp-SEd e - S pfE CEhpe
SA-C X -~ CAC oY +SpE-Z - Sppe (SBhpe + CBd o +h ) - Cpp-C pge-SEd, - C pfE CEh pe
-CAX ~SA'Y - Spp-SEd
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Subreflector To Reflector Transformation:

>

Ig
Yrg
g

[R46]

Xrg
Yrg
rg

[R46]

o)

sg
[T46]
sg

N

5g

0 0 1

-8, 0 , [T46]

85 C5 0

5g
Cs'ng_ Ss'Ysg‘ drs

| SgXsgtC sYsgthpg

Reflector To Subreflector Transformation:

X sg
g
Z sg

[R64]

X sg
5g
Z sg

3
B
1

0 -Sg Cg ,

[Téd] =

CsYpgt SgZpg+C s9rs— Sshys

SgYg+Cslpg

Xrg

- Ss'drs -C s'hrs
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Subreflector To Base Transformation:

X s R16] = [R14][R46
v = R§ |y | + me , RieI=RI4RE
sg [T16] = [T14] + [R14][T46]
Zg

SASg SACg -CA

[R16) = |-CASg -CACg -SA
-Csg S O
-SA-SEdg, + SA-CEhg,
- CA-SEdg, - CA-CE-hg,
CEdg, +SEhg +h,
SAS X s+ SA-C g Y gy - CAZ oy - SASEd i, + SACEh
v = -CA'S X 5~ CAC Y i~ SAZ (y + CASEd o - CACEhg,
. C X g+ SEY g+ CBdge+SEh o+ h

Subreflector Frame Origin:

-SA'SEdg, +SA-CEh,
X(Sg)
= CA-SEd_. -~ CA-CEh
Y(Sg) se S (=1[T16])
Z(Sg) CE.dSC* SEhSC+hC
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Base to Subreflector Transformation:

X s X
v = [R61 |y | + [761] . [me1] = [RE1(-1[T16]
sg

Zgg z

SASg -CASg -Cp
SA-Cq -CACy Sgg

[R61] =
-CA  -sA 0
SESEdge~ S CEhge+C g CEdge+C uSEhg+ Cphg
[T61] = |CgSEdg-CgCEhy-SpCEdg-SySEh-Sph,
0
X g SASEX ~-CASEY ~CgZ +SESEdg - SpCEBh+C gCEdg+C g SEh+Cgh,
Y SA-C X ~CAC Y +SEZ +CgSEdg - CmpCEh- S pCEdg-SpSEhg - Sph,
Zgg -CAX - SAY
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Gregorian Ellipsoid To Reflector Transformation:

X g X ceg

Yo = [R47] |y ceg +  [T47]

Z Ig Z ceg

0 0 1 0
[R47] = SB -CB 0 , m471 = | "9rce
CB SB 0 Bree

X rg Z ceg

Yrg = SB-X ceg ™ CB-Yceg— dree

Zig CB-X geg+SBY ceg+ e

Reflector To Gregorian Ellipsoid Transformation:
X ceg X rg
= R74 + 74 , 74 = [R74])(-1)[T4
Y ceg [R74] Yo [T74) [m74] [R74](-1)[T47]
Z ceg Zrg
SBd...— CB-h
0 SB CB ree ree
[R74] = |0 -CB SB o4 = | Pdree~ SBhrce
1 0 O 0

X ceg SBY 1+ CB-Z y+ SBd o~ CBh e

ceg| ~CBY g+ SB-Z g~ CBd o~ SBh e
Z ceg Xp g
Gregorian Focus Point: Prime Focus Point:
X ceg(Mg) 1, X oeg(P g) fe
Y ceg(Mg) = 0 , Y ceg(P g) = 0
Z ceg(M g) 0 Z ccg(P g)

where f, = 550 cm.
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Turret To Reflector Transformation;

Xy X g
= R48 + 48
N Re8) |y [T48)
Zrg Ztg
0 0 1 0
[R48] = CT -ST 0 , ra8] = |-d¢
ST CT 0 hy
Xrg Ztg
rg = |CTX - ST-Y g -dy
Zrg STX g+ CT-Y gy hy

Reflector To Turret Transformation:

X tg X rg
Y, = |[R84] |y +  [T84] , [T84] = [R84](-1)[T48]
4 rg
Z tg ng
0 CT ST CT-d~ SThy
Reqg = |0 -STCT me4y = |-STdg-CThy
1 0 O 0
Ytg B 'ST'Yrg+ CT-Z g™ ST-dg - CT-hy
z tg X g
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Turret To Base Transformation:

X X tg
= [R1§] |y +  [T18] [R18] = [R14][R48]

; 8 [T18] = [T14] + [R14][T48]

Z 7 g

Using SET = sin(ELant+ a-8 )

CET = cos (ELant+ o-f ),

_CA SASE SA-CE\ [0 0 1 SA-SET SA-CET -CA
R18] = |.sa -casE -cacg||cT -sT 0| * _CA-SET CA-CET -SA
0 -CE SE |\sT cT o _CET SET 0
-SA-SE-dy + SA-CE-hy — SA-SEd .+ SA-CEh -SA-SE-dg+ SA-CE-hy,
e - CA-SEdy - CA-CEhy+ CASEd o~ CACEh, | = CA-SE-d4e~ CA-CE-h,,
CE-dy+SEhy + CEd o+ SEh o +h, CE-dg+SBhye+h,
X “CAX 5+ SASEY 15 + SACEZ 15~ SASEd o + SA CEhy
Y = “SA-X g~ CA'SE'Y g~ CA-CE-Z ¢+ CA-SEd (o~ CA-CEhy,
z -CEY g+ SEZ g+ CE-d o+ SEhyo + b,
Turret Frame Origin:
X(To) -SA-SE-d;, + SA-CE-h,,
yrg| T CA-SEd,~ CA-CE-h,, (=[m3g])
Z(Tg) CE-dg+ SEhyo+h,

93



Base To Turret Transformation:

X 1g X

Y, = [R81] |y + [T81] , [T81] = [R81](-1)[T18]
g

Zyg z

SA-SET -CA-SET -CET

[R81] = SA-CET CA-CET SET
-CA -SA 0
SA-SET -CA-SET -CET| | SA-SEdte—SA-CEDy
[T81] = SA-CET CA-CET SET |.|-CA-SEd;.+ CA-CE-hg,
-CA -SA Y -CE-de- SEhye-h,
SALSET-SE-dy, - SA>SET-CEh o + CA™SET-SEd o - CA*SET-CE-h e + CET-CE-dy. + CET-SEhy, + CETh
[T81] = |SA’CET-SEds— SA™CET-CEh- CA™CET-SBd e+ CA%CET-CE-hy, - SET-CE-d,— SET-SEh, - SETh,
0
SET-SE-d, - SET-CE-h, + CET-CE-d + CET-SE-h. + CET-h
r81] = -CACET-SEd¢ + C 95 -CET-CE-hy, - SET-CE-d - SET-SEhy,— SET-h
0
X sg SA-SET-X - CA-SET-Y ~ CET-Z + SET-SE (d o + h o) + CET-CE- (dte=hie) + CET-h
Y ®  |SA:CET-X + CA-CET-Y +SET-Z + C ,-CET(CE'ho - SEdy) ~ SET-CE-d - SET-SEhy - SET'h,
Zgg -CA-X - SA'Y
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Appendix II. List Of Symbols.

Reference Optical Telescope

o Offset angle from the ellipsoid major axis, of the mid
ray from gregorian focus to the subreflector.
Angle between the paraboloid and ellipsoid axes.

Angle F() I] Fl

=X >

Oy  Half-angle of tangential plane ray fan from
the gregorian focus to the subreflector.
from the prime focus to subreflector.

SH Offset angle, from the paraboloid axis, of the
tangential fan’s mid ray from the prime focus to
the main reflector.

a Semimajor axis of the ellipsoid.

b Semiminor axis of the ellipsoid.

€ Eccentricity of the ellipsoid.

fe Distance from ellipsoid focus point to ellipsoid center point.

fo Design focal length of the paraboloid.

dsp Length of 1 from I; to paraboloid axis.

hs  Projected length of ray FyI; along paraboloid axis.
dmp  Length of L from Fj to paraboloid axis.

hmp  Projected length of ray Fy Fj along paraboloid axis.
T Length of ray Fi I,

T Length of ray Fy I,

Fy Prime focus point of reference optical telescope.
£ Gregorian focus point of reference optical telescope.
L Intersection point of tangent fan mid ray with subreflector ellipsoid.

Vo Vertex point of the paraboloid.
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Design Telescope

Ag

By (= B)
Ey

Fy

Ry

Sa

M,

Ty

Xad, Yad; Zad
Xed, Yeds Zed
Xrdy Yrd, Zrd

Xoa, Yods Zoa
Xtd) Ytd; th

SprE
CprE
SsE
CsE
ST
CT
SET
CET

Origin point of the alidade frame of the design telescope.
Origin point of the base frame.

Origin point of the elevation frame of the design telescope.
Focal point of the parent paraboloid.

Origin point of the reflector frame of the design telescope.
Origin point of the subreflector frame of the design telescope.
Gregorian focus point of the parent ellipsoid.

Origin point of the design turret frame.

Basis vectors of the alidade frame of the design telescope.
Basis vectors of the elevation frame of the design telescope.
Basis vectors of the reflector frame of the design telescope.
Basis vectors of the subreflector frame of the design telescope.
Basis vectors of the turret frame of the design telescope.

sin(E Lant + 45.5 degrees)

c0s(E Lgpn; + 45.5 degrees)

sin(E Lgne + 36.7degrees)

cos(E Lgnt + 36.7degrees)

sin(a — 0)

cos(a — f3)

sin(ELgns + @ — B) = sin(E Lgnt + 12.329 degrees)
c0S(E Lo + @ — B) = cos(E Lgnt + 12.329 degrees)
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Tilted Geometric Telescope

@

HrhHOhm Wy

8
~~

@
ey S e
E ‘s Q

S & N
X N &Ny
< §

AN
8 <

Origin point of alidade frame of the geometric telescope.
Origin point of the base frame.

Origin point of elevation frame of the geometric telescope.
Prime focus point of the geometric telescope.

An arbitrary point.

Origin point of reflector frame of the geometric telescope.
Origin point of subreflector frame of the geometric telescope.
Gregorian focus point of the geometric telescope.

Origin point of turret frame of the geometric telescope.
Origin point of ellipsoid frame of the geometric telescope.
Origin point of receiver house frame of the geometric telescope.
Origin point of the i'th receiver flange frame.

Distance from B to E,.

Distance from Ty to M,.

Alidade azimuth angle of the geometric telescope.

Elevation angle of the geometric telescope tipping structure.
sin(AZ,ns)

cos(AZgnt)

Sil'l(ELant)

cos(E Lgnt)

Basis vectors of the base frame.

Basis vectors of alidade frame of the geometric telescope.
Basis vectors of elevation frame of the geometric telescope.
Basis vectors of reflector frame of the geometric telescope.
Basis vectors of prime focus frame of the geometric telescope.
Basis vectors of subreflector frame of the geometric telescope.
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)/(\tg» ?tgv Ztg

th, ?hg, Zhg

j'(\m'y ?m'; Zm‘
X(@),Y(@), 2(Q)
Xeg(Q), Yeg(Q), Zey(Q)
Xea(Q), Yea(Q), Zea(Q)
Xag(Q), Yoo (Q), Zag(Q)
Xaa(Q), Yaa(Q), Zaa(Q)
Xrg(Q)) KQ(Q)) Z"‘Q(Q)
[Rao]

(T1o]

[Ra1]

[T21)

[Rjx]

(Ti)

Basis vectors of turret frame of the geometric telescope.
Basis vectors of receiver house frame.
Basis vectors of i’th receiver flange.

Base frame coordinates of (arbitrary) point Q.
Geometric elevation frame coordinates of point Q.
Design elevation frame coordinates of point Q).
Geometric alidade frame coordinates of point Q.
Design alidade frame coordinates of point Q.
Geometric reflector frame coordinates of point Q.

Rotation matrix of the coordinate transformation
from geometric alidade frame to base frame.
Translation matrix of the coordinate transformation
from geometric alidade frame to base frame.
Rotation matrix of the coordinate transformation
from base frame to geometric alidade frame.
Translation matrix of the coordinate transformation
from base frame to geometric alidade frame.
Rotation matrix of the coordinate transformation from
frame k to frame j. (Note order of subscripts).
Translation matrix of the coordinate transformation
from frame k to frame j.

The matrices [R;x), [Tjx) are given
explicitly in Appendix L.
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Tilted Deformed Telescope

(D]

£i7 U3 Ci

[A(E Lant), = (Al

E Lsur f-rig

E L arm-access

ELGCCGSS
5

S

£

N,

[o ]mi

(7] N,

tm«; = [ROt(Elet)]m,-

t
te, ty, L
[6Rot(tx, )] [Di]

Geometric telescope displacement
vector from structural node M; to
fiducial reference point ;.

[Dz] = fiXeg + "h'Yeg + CiZeg
Gravity-load-produced displacement of
node 91; .from its geometric telescope
position, expressed in terms of the
geometric elevation frame basis vectors.
Surface rigging (setting) elevation angle.
Elevation for upper feed arm at vertical.
Alternative surface rigging elevation.

A fiducial reference point on the telescope.
Fiducial reference point number j.
Laser platform fiducial point near 91;.
Telescope structure node point, number .
Finite-element-analysis-generated
displacement coefficient matrix
associated with structure node 91;.
Finite-element-analysis-generated

joint rotation coefficient matrix
associated with structure node ;.
Rotation vector of the structural joint
at node M;, due to gravity loading.

t= It‘ﬁi,/\ R .

to, = by Xeg + by Vg + ts Zeg

Additional displacement of §; due to
joint rotation at 91; .
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S

T

Ar

Er
R,06,9%
zr, yr, Zr

Xe(F:), Ye(Si), Zo(5:)
X (%), Ye(9U), Ze(9N)
Xe(), Zo(9), Ze()

Xeo(@)

[Al,

D, (£)

Laser station scan mirror center fiducial point.
Laser station scan target fiducial point.

Laser scan mirror azimuth angle of target point 7T
Laser scan mirror elevation angle of target point T..
Spherical polar scan coordinates of target point T.
Laser station platform local cartesian coordinates
of target point T

Geometric elevation frame coordinates of §;

after gravity-load displacement.

Geometric elevation frame coordinates of 9;

after gravity-load displacement.

Orthogonal triple of unit vectors generated by
rotating the geometric elevation frame

basis vectors by [6Rot(ts,)) .

Displacement vector of an arbitrary point, Q,
from E, , expressed in terms of geometric
elevation frame basis vectors

Laser platform orientation matrix. Elements are
projections of platform frame basis vectors
onto geometric elevation frame basis vectors.

Displacement vector of laser platform fiducial
point £ from its associated structural node
point, 91; , expressed in terms of geometric
elevation frame basis vectors.
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N
Nr

Dey (T’ lT)

Dg, (T)

&(T), 1o(T), G(T)

D;, (T)

&(T), m(T), G(T)

Dgr

D(S)

D; ( = Dey(’g) )

A structure node point of the telescope.
Structure node point associated with

laser scan target fiducial reference point 7.
Displacement vector of T from 9l when
actuator extension is equal to It .

D, (T,lr =0)
Geometric elevation frame components
of DY, (T).

dD, (T, l7) / dir

Geometric elevation frame components

of D, (T).

Displacement vector of scan target point T’
from scan mirror center fiducial point S.
Displacement vector of S from structure
node point 91; associated with

the scan mirror station platform.
Displacement vector of laser scan platform
fiducial reference point £ from its
associated structural node point N;.

Basis vectors of local laser scan platform
frame, of scan station located near structure
node point 91;. The origin point of this frame
is at fiducial reference point £. The scan axis
is assumed parallel to Z .
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Alidade Structure Corrections

doss

D

o
Sy

Xeg(j:), )/eg(f)) Zeg(f)

xPF), Y& F), 28 F)

Offset distance between non-intersecting
azimuth and elevation axes.
An arbitrary displacement vector.

Origin point of the geometric elevation frame.

Arbitrary fiducial reference point embedded

in the telescope’s tipping structure.
Displacement vector from geometric elevation
frame origin point E, to F.

Origin point of ground frame of tilted telescope
with offset and misalignment of azimuth

and elevation axes.

Angle of deviation from perpendicularity, of
telescope azimuth and elevation axes.

cost;
sind,

Geometric elevation frame coordinates of fiducial
point F.

Ground frame coordinates of fiducial point F, for
telescope with shaft offset and misalignment.
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Determination Of Azimuth AndElevation

AZ
AZshaft: E Lsha It

AZencoder , E Lencoder
AZco";mand 3 E Lcmnmand

AZ®, EL®
AZtruea E Ltme

EL) 4(BL
oD, bz, cig, digh

AZ) 1(AZ) (AZ) J(AZ
afg?, b2, g, dig®

AZappareﬂt; E Lapparent

NG

LAST

AZ =7 — AZa.nt

Supplement of antenna azimuth.

Telescope azimuth, elevation shaft orientation angles.
Azimuth, elevation shaft angle encoder readout angles.
Servo setpoint values for azimuth and elevation

shaft optical encoder angle readout signals.
Traditional pointing model correction term.

True horizon system azimuth, elevation of an observed
pointlike astronomical radio source. These angles are
properties of the radio source, not the telescope.

Elevation Fourier coefficients in Condon pointing model.

Azimuth Fourier coefficients in Condon pointing model.
[Note that the azimuth Fourier term sum is multiplied by
sec EL to give proper behavior approaching zenith].

Apparent horizon system azimuth, elevation of an
observed radio source, including the deviation of
arrival direction due to atmospheric refraction.

Pointing model correction for elevation shift to account for
orientation of the GBT’s main reflector paraboloid

axis, when reflector is reconfigured to the optimal shape
for a given shaft elevation (best fit paraboloid).

Local Apparent Sidereal Time of observation of source.
[ LAST = GMST — X- (1*/15°) + A cose,

where GM ST is Greenwich Mean Sidereal Time,

A is geographical longitude, A is nutation in
longitude, € is obliquity of the ecliptic].
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Appendix II1. Finite Element Analysis Node Data Files.

We include here a portion of the Node File for the Green Bank Telescope
Finite Element Analysis, as a sample of the data file produced by this analysis.

The file is a listing of tipping structure nodes, their geometric elevation co-
ordinates and the coefficients of the displacement matrix and the joint rotation
matrix associated with each node. We give a sample of the file’s output on the
next page. The output variables, in the notation of this Memo, are listed below.

Variable Listed Variable in Memo

Node ID Index, i, of node M;.
NodeX Xeg(M4)
NodeY Y, (%)
NodeZ he + Zeg (D)

ZDeltaX  0g,-,(9%)

ZDeltaY o, _,(9%)

ZDeltaZ 0y —(O%)
ZTiltX Te,— (D)
ZTiltY Ty—2 ()
ZTiltZ To—z(O4)

HDeltaX  0,,(%)

HDeltaY  g,,(9;)

HDeltaZ 0,4(M)
HTiltX Ty ()
HTiltY  7,,(9%)
HTiltZ T2,y(O%)

Distances are given in inches.
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Node File for GBT Finite Element Analysis

Node ID

601

40982
41020
41040
41060
41080
41082
50000
$0001
50002
50004
50005
50010
50020
50030
50040
$0110
50120
50140
50150
50220
50240

NodeX

65.86
0
106.07
122.9%4

0000000000

w
fry
[
N

[
coo» OO

51.12

NodeY

-2524.
-2520.
-2520.
-2780.
-2787.
-2590.
-2159.
-2176.
-2194.
-2351.
-2327.
-2329.
-2408.
-2409.
-2408.
-2427.
-2412.
-2412.
-2443.
-2556.
.36

-2556

99
96
53
96
08
99
74
99
14
48
48
41
36

NodeZ

4181.96
4434.21
4434.21
4377.18
4434.21
4434.21
4459.06

4475
4490.91
4640.36
4608.71

4706

4667
4672.47

4667
4707.78
4692.43
4692.43
4672.58
4600.07
4600.07

ZDeltaX

-0.033
0
-0.0029
-0.0086

0000000000

ZDeltaY

-4.0744
-4.4404
-4.4373
-4.354
-4.4396
-4.44
-4.4914
-4.4973
-4.5032
-4.7122
-4.6923
-4.758
-4.,729
-4.7328
-4.7285
-4.7568
-4.7442
-4.7442
-4,7263
-4.6841
-4.6841

ZDeltaZ

-3.
-3.
-3.
-4.
.2746

-4

-3.

9002
9024
8982
2824

9935

-3.457

-3.
-3.
-3.

4636
4702
8472

-3.828

-3.
-3.

8288
8802

-3.878

-3.
-3.
-3.
-3.
-3.
-3.
-3.

8784
8911
8796
8796
9061
9687
9671

ZTiltX

0.00157
0.00141
0.00157
0.00146
0.00145
0.00135
0.00037
0.00037
0.00038
0.00066
0.00065
0.00071
0.00061
0.00059
0.00061
0.00084
0.00073
0.00073
0.00071
0.00118
0.00118

2TiltY

-0.00001
0
0.00012
0.00022

0000000000

-0.00005
0
0
-0.00002
0

0
-0.00005

ZTilez

-0.00008
0
0.00001
0.00003

0000000000

0.00002
0

0
-0.00003
0

0
-0.00004

HDeltaX

-0.0295
0
0.0096
-0.0208
0

0
0
-0.001

0
0
0
0
0
0
0
2
0
0
0
0
0
8

0.001

HDeltaY

8.577
9.6744
9.6488
9.4376
9.6814
9.6742
9.7803
9.8332
9.8861

10.5945
10.4457
10.8871
10.7095
10.7396
10,7076
10.8926
10.8215
10.8215
10.7331
10.3904
10.3888

HDeltaZ

1.8984
1.8567
1.8423
2.9201
2.9937
2.1656
0.3821
0.4418
0.5016
1.0481
0.9416
0.9467
1.3066
1.3129
1.3069
1.3919

1.324

1.324
1.4612

1.997

1.997

HTiltX

-0.00418
-0.00432

-0.0044
-0.00426
-0.00424

-0.0043
-0.00332
-0.00332
-0.00333
-0.00445
-0.00454
-0.00451
-0.00449
-0.00421
-0.00449
-0.00461
-0.00462
-0.00462
~0.00455
-0.00448
-0.00448

HTilty

0.00018

0
0.00005
0.00053

-0.0000

0000 O0OFFOO0OO0DO0ODO0OO0OO0ODO0OOO

-0.00005

HTiltZ

-0.00054
0
-0.00016
-0.00001
0

0
0
0
0
0
0
0
0
0
-0.00006
0
0
-0.00001
0

0
-0.00003
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