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INTERFEROMETRY

G. K. Miley

I. INTRODUCTION

' ' . ‘ . A
- For a telescope whose aperture is r, the angular resolution A® %f; .

Since A >> ) , the resolution of radio telescopes is comparatively

radio light

poor.

Techniques for Obtaining High Angular Resolution

1. Lunar occultations ’<:> ______ O

Ae.depends on source strength.,
- For strong sources A6 ~ 0.5".

Gives considerable information, but oﬁly for small number
of sources. |
2. Interplametary scintillations

Irregularities in the electron density of the solar cofona
(scale v 100 km) cause a very small source to flicker or scintillate. A
large source does not. Frosted glass effec£. Study of variation in
these scintillations with distance from the sun can give information
about small—scale'strucfure. Useful but rather qualitative.
3. Interferometry

Trick which uses two or more small antennas separated by a

distance r, called the "physical baseline." This gives same angular

resolution as a large telescope whose aperture covers the whole baseline.



- ? — r 2 Same angular
\y \V v \\\\\_“_,///// _ resolution.
= ' , (Not same sensi-
' ' tivity.)

This is the most powerful method of achieving high resolutions and has

made a major contribution to astronomy.

B A

Types of : Interferométerss-

T e R e 8

1. Cable link interferometers
Only practical for r §-3 km.
[NRAo;[Cambridge, CalTech, Malverh, Pafkes]
2. Radio link interferometers
r §v200 km. For larger r many repeater stations are needed.
This means complicated and unreliabie electronics.
[Jodreli Bank, NRAO]
3. Iﬁterferometere without a physical link
Signals from each antenna are recorded on tape and processed
at a later date. Completely independent receivers at each antenna. Only
. recently possible due‘to develdpment of accurate frequency standards.

[NRAO, Canada] [CalTéch, Jodfell Bank]



II.  RESPONSE TO A POINT SOURCE

Assumptions _
1. Point source at infinity.

// Radiation, wavelength A’ , 2. Monochromatic radiation,
% \\\ ' / 3. Unpolarized radiation.
’ SO /f 4. Identical antennas.
AS // S . : 5. Equal path lengths from
N7 (\\\ : /¢ , * antennas to multiplier.
’ - ,
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AL r =382\ \ >»'1
/" Y \VJ
> {Multipliers |
v » ) : Radiation travels extra distance
el v AS to antenna 2. It therefore
Low Pass / ' arrives later by time 25;
Filter ' c

- Output’ to fecardery

Antennas give voltage out propbr;ional to electric field at input. Therefore,

voltages at multiplier inputs are

v Vv cos 2nft

1 0l

\Y

1

2
9 Vo2 cos (2mft + ¢) where ¢ =;7§-(AS)

Output of multiplier is

M

1t

V1V2

= V01V02 cos (Zﬂft)ycqs (2rft + ¢)



Using simple trigonometry C ;- f: ”;f‘

-

1
M cos ¢ 3 Vo1v02

=2 Vo102 cos [an(E)+ ol

The low pass filter rejects the higherifrequency term.
Output of correlator

le V01V02 cos ¢ .

Now-
« - . . ) . )
VOlVOZ |electr1c fleld of radlatlonl
x §
where S is the flux density of the radiation received from
the source.
Therefore, |
R xS cos ¢
Now
2T
6 = 5 Ws)
= 21B cos 6
R = S cos [21B cos 6] - (1)

This is the fundamental equation of interferometry. (In practical inter-.
ferometers there is usually also a constant instrumental phase term which can

be calibrated out.)



As the earth rotates the angle & changes and the'output of our inter-
ferometer is a set of "interference fringes' whose amplitude is proportional.
to the flux density of‘the source.

Depending on the positipn of thessource in the sky, the outpuf of an in-
terferometer will be positive or negative. Thus the output of an interferom-
eter can be visualized as a set of imaginary positive and negative lobes in
the sky--the interferometer polar diagram. We can think of this comb-like
structure as being fixed as shown in Fig. 1; ‘Thevsource passes through.the
lobes as the éarth rotates. It is important to realize that the lobe structure
of the intefferometer is determined entirely by the physical baseline and is
independent of the antennas. If the antennas are directional, their pointing
will not effect the position of the lobes bﬁt will effectively "illuminate"

) . .
different parts of the polar diagram.

Qne’measure of fhe resolﬁing power of an interferémeter is the 1lobe
separation or fringe width. This is the angular separation of two adjacent

lobes in the fringe pattern. From equation 1 it can.be seen that a maximum

will occur for every value of 0O that satisfies the relation
2tBcos® =2nm n=0,n=0,+1,+2, ...

vael and 92 are values of 6 which correspond to two adjacent minima

27mB (cos 6_-cos 6

1

2) 2(n+1l)7-2n 7

1]

Now A 62_ 61 + A®



K

where A9 is the fringe width

cos 0.-cos 0

1 cos 6 —cgs‘(61+Ae)

2 1

= A6.sin 6.
Therefore
1 1
A = 3Tn o "B
P

BP =B sin ® is the component of the ﬁhysical baseline perpendicular to
the direction of the éource_and it is called the "projectéd baseline" of the
interferometer. If B is expressed in wavelengths then A6 will be in radiams.

From equatién 2 it is cleér~that,the projectéd baseline and the fringe

width vary with 6, and the angular position of the radio source in the sky.

III.b THE EFFECT OF FINITE BANDWIDTHS

vSo far the radiafion has been assumed monochromatic. If the interferom-
eter receives radiation over a‘Band of frequencies, then the total response
is the sum of the responses due to the various coméonents. If the voltage
gains in the two channels depend on frequency f; and -are given by Gl(f)
and Gz(f),,reSpectively, fhen the response of the interferometer to an in-
finitesimal frequency band df is proportional to Gi G2 cos ¢ df. |

Now |

- 2
¢ =5 (18

=2 £(a1)



where AT'%? is the overall differential time delay from the source to the two
inputs of the multipliers.
Therefbre,
dR(£,A1) « Gy (£) cos (2mfAT) df.
The total response of the interferome;er;is then

o

R(AT) = _[. 6,(E) G,(f) cos (2rfac) df. 3)

\ w00

If the receivers have xectangular passbands of width Afé,,equation (3)

reduces to

sin (ﬁAfOAT)

R(T) = (4)

. mAf AT
, o

The situation is anaiogous to the caée of white light fringes in Opticé.
R is a maximum when At = 0 and all the various ffequency-components are in
phase. To maintain this condition, a compensating delay must be inéerted in
one.afm of the interferometer, and this mﬁstlbé.céﬁtinuously-adjusted as - the
source moves througﬁ the sky. Frpm equatibn‘(4) it is clear thgt the larger
the bandwidth Afo the more accurately the deléy must be adjusted to minimize

A1 and make R a maximum.

)
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Now - the physisi; baseline %

VO e 3

of the baseline is given by

cos O =

N

cos § ebs H
cos § sin H

sin §

'«>> GEOMETRY OF THE BASELINE - UV ELLIPSES

The direction of a radio source
can be specified in astronomical

-coordinates by two angles:

declination §
hour angle H

Alternatively it can be described
by a unit vector § in the direction
of the source.

‘is also a vector and can be resolved into.

“fhe angle between the direction of the source and the direction



1, , . . —
cos 6 .= E—(BX cos § cos H+ By cos § sin H + §§>s1n 8) ( ;»Kéb

Of more interest, however,(|jis the projected baseline B, since this de-
termines the angular resolution of our. interferometer. By is the baseline
as seen from the source and:is in the plane perpendiculaf to 5.  Although

Bp changes with hour angle, it can at any instant be resolved into a north-

south component '"v'" and an east-west component "u!' (note that B, is only 2-

dimensional and has no component in the .direction of the source). The re-
Jlation of u . and v to BX,,By,_and Bz is shown in Fig. 2.

By inspection it-follows that

=
]

B cos H-B sin H
y X!

<
o

B cos § - B sin § cos H - B sin § sin H
Z . X y )

It can easily be verified that

2 v - v_)2
+ 20 =1
b

m#Jc

where

on
1l
O]
e
=]
o
o
e
N
+
o]
N
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This is the equation for an ellipse where a is the semi—major‘axis, b is the
semi-minor axis. The ellipse is centered at the poine (o, vo) and has ec-
centricity eosvé.'

Thus as the hour angle.of the source changes.the tip of the projected
baseline vector describes an elliﬁse. Aq_obse:ver at the source looking at
our interferometer would see one telescope appear to describe an ellipse about
the other due to the.rotatien of the earth. Note that this ellipse depends
on both the declinatioh of the eéﬁ;ce and on the parameters of the baseline.
For sources et the equator (8 = 0) the ellipse degeneretes to a straightvline
and for eources-at the pole (6.= m/2) the ellipse becomes a.circle. The
"resolution ellipee" or the "u-v ellipse" is very important in deriving the
structure ef extended radio sources from observations with a tracking inter-

ferometer. -

V. RESPONSE TO AN EXTENDED SOURCE

We are now fully equipped to eiamine the response of our interferom-
eter to an extended soﬁrce of radiation. We still assume that-this source
is quasi-monochremetic,uunpolafized; and that it is much smaller than the
primary beam pattern of the antenna. Such an extended source can.be imagined
to consist of -a very large number of‘infinitesimal pointvsources, each having
an hour angle H and e,decliﬁation D. Let_the brightness centroid of the source
have an hour angle,Hoband a deciination D,- Since hour angle and declination
are not orthogonal coordinates; it is convenient'to_define a Cartesian co-.

ordinate eystem, X, y whose origin is at the brightness centroid by
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x=Hcos § —H cos 8 = (H-H ) cos §
o o o

and

k and y are now orthogdhai and this will greatly simplify our problem.

Suppose that an infinitesimal element of area dxdy at the point (x,y)
on the source contributes.a brightness of inténsity I(x,y)dxd&, Treating it
as a point source and using équation (1), we can write down the response

of our interferometer to this element as

dR « I(x,y) cos (2mB cos 8) dxdy;r (@p

We can use a Taylor series to expand cos 6 about the centroid.

| S 3 .
cos 6 = cos 60 + Ew (cos 0) x + ay‘(c:os 8) vy

1
cos §

3 , D
cos 60 + [ T (gos 6)] x + [-gg (cos 0)] v.

Using equations (3) and (6) (the expfessions.we'derived‘in celestial coor-
- dinates for cos 6, and the effective baseline components u and v), this im-

" mediately simplifies to-

cos 6 = cos 60 +. (u/B)x + (v/B) vy. (8)

Combining equations (%) andb(§b, we have
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dR(u,v) « I(x,y) cqs.[ZﬂB cOsxeo + 2m (uxtvy) ]dxdy .

If we expand,this expression and put ¢ = 27mB cos 6. (the hase term due

to a point source at the brightmess centroid), we obtain

dR(u,v) « I(x,y) {cos [2m(uxtvy)] cos ¢o - sin [27(uxtvy)] sin ¢0} dxdy.

By integrating we can immediately find the response to an extended source

as
R « cos ¢Ol I(x,y) cos [2ﬂ(ux+vy)].dxdy
--sin ¢0 I(x,y) sin [2m (uxtvy)] dxdy.
This can be written as
R = [C(u,v) cos ¢ _ - S(u,v) sin ¢_] )
where ' -
S = I(x,y)dxdy is‘the<flux density of @?Qﬁ

the source.

=

C(u,v) = I(x,y) cos [2m(uxtvy)] dxdy- (EEy

s

00
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and : P

S (u,v) =«% I(x,y) sin [27(uxtvy)] dxdy: a2y

-0
C(u,v) and.S(u,v) are the normalized cosine and sine Fourier transforms
of the source brightness distribution. We can write equation (9 ) d4n an al-

ternative form

R(u;v) « Y(ﬁ,v)‘cos @(u,v)‘ (d3)
where | .

y@,v) = [P ,w) + 52wt @
and

N

®(u,v) = 2mB cos 6 _ + tan L {S(u,v)]

C(u,v)

¢ + 6(u,v) .

‘Now y(u,v) and ¢ (u,v) are the amplitude and phase of the "complex visibility

function." This is defined by

i¢(u,v)j.

§§

{L .
I(x,y) = y(u,v)e

|-

| L?(u',v) =

v : . .
where I(x,y) is the complex Fourier transform of the source brightness dis-:

tribution I(x,y).



' Therefore we can write the output of our interferometer as the

R(u,v) = Re[l (u,v)elPo V) | | (15)

This is a set. of sinusoidal,fringes which are similar to those that would
be observed from a point source located at the brighthess centroid but modu-
lated in amplitude and phase by the visibility function of the source. If
both y and ¢ are determined for all values of u and v, inverse Fourier trans-
formation enables the brightness distribution of the source to be determined
uniquely (synthesis). .However; We‘havé seen that for a fixed physical base-
line the rotation of the earth gives rise to only a limited range of effective
baéelines. In. the u—vlplane these correspond to the resolution ellipse of
the source.  For long baselines the absolute measurement of phase is difficult.
and there is usually no informétion ébout ¢(u,v). Under these circumstances
it is usual to propose a model for tﬁé source structure. The assumed I(x,y)
is then used to derive y's for the projected baselines that are observed. These

predicted y's are then'éompared with the observed y's.
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