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Introduction @

This document attempis to describe the effect of noise

oa calibration and seifcalibrazion . The algorithms used will be
assumed to be &NsbJL for calibration and Schwab's algorithm Tor
selfcalibration . Minimisatlion of L2 is also implicit .

The basic problem in both ordinary and self

11brmpion is o caiculate or improve estimates of the compliex
gd‘ﬂb of the antennae used in an observation . In ordinary
ibration { 00 } an unresolved source is used to constrain the
antenna gains whoreas in selfcallbration { 8C )} an estimate oy the
true shape of the source is used to make che source of Interest
Took unrosoived so that 0C can be used . Hence in one sense
OC and 3C are siwilar but in the latter the effect of noise
ig much more complicated . iIn particular , the effect of nolise

i the sclfecalibration of extended sources presents an intractable
yiyiicol problem since , in general , it is necessary to solve

i Q)

a @oL o simultancous tinear equations in the gain variances .

; 1s possible , however , to perform this solution in a computer

=5 the sclfcalibration is performed but I doubti that this is really
soful .

The influence of closure errors 1s also briefly

The algorithm @

Both OC and 5C act to minimise the residuals belween
a nodel of the source and the observed data . The degrees of freedom
availabie are the complex antenna gains gi{i1} . The quantity minimised
is of the Torm 3
S = Sumll,jriivii,jr - glir®{complex conj{g{jri®nid,jriw=z? {1,333

- equation 1

where ¥(i,i) = observed visibiTity between telescopes 1 and |
T{1,3 = "true" visibility botween velescopes 1 and j
wil, 31 = weighting Tactor
the square brackets [...1 denote the modulus

and Sumfi,j) represents a sum over all 1,j where i{J .

Sowe averaging over time may also be done .

This can be rewritten in a more i11Tuminating fashion ¢

3

S o= Bumid,jiI¥{i,jr-gi{i)¥icomplexr conjig{jridi==2%wli,j:

- equation 2

B 1

vhere ¥{i,j} = correlator-based gain betweon telescopes i and § ¢



HET,0% = V{1, 33/T0103 - equation 3

and the welghting faclors have been changed .

One may arbitrarlly constrain the compliex gains to
have amnplitude unity so that only the phases are corrected ,
this is usually only done in SC .

in OC the true wisibility is estimated from the previously
known position and Flux of the calibrator whereas in 8C 1t is
astimated Trom a wodel of the source e.yg. a set of clean components
The elVect of noise ¢

Thompson and D'Addario { preprint , 1981 } glve an algorithm
for solving the above maximisation . This involives solving ,
by iterative substitution , the non-linear equation for
t gi{ 1} obtained by dirferentiating Equation 2 with respect
the galns

gity = {8um{j, not=11} itgl g
/ Suwlj, not {3 11%%2 } —-equation 4
Using the Taw of propagation of errvors we ¥ind that the
variance in the estimate of gl{i) , var{gf{i}}) is ﬁ

ar{g{13}} = {Sumij, not=i 3{ wii,ji¥s=z @«
¢ I[2@gii)e{complex con{g{jyry - H{i,j31%%2 % var{H{i,j}}
25 Egl il e2 ¥ ovar(gijry )2
/ (Sumly, not=1i{wli,3i®lgljiiuw2)y*®z ~ squation 5

411 variances quoted are those appropiate for the given

Interval botuoen gain solutions .

in princip1e this set of gimultansous equations in
the variance of the gains can be 801vod by matrix inversion
Lo yield an answer in terms of the driving terms varid{{i,ji} .
In order to investigate the struciure of ithesc equations
we can replace ths gains by their expected value of unity »
fn all but sowe pathological cases this should not alter

s

aur conclusions too much . We then have :

var{g{i¥y = {Sum{y, not=1i¥{ wi{il,jiI sz
{ war{d{i,jry + 2%varigi{Jjiy ¥ 13
S {8umij, not=ijwlii,jii*=2 - equation &

As an example of the use of this equation consider
calibration on a point source . The weighta should be equal 7
ﬁ11 telescopes have uniform levels of sensitivity . Furthermore
the variances should be independent of both i and j . Thus we

have , arfter some rearrangement 3

var{gi = var{X¥/{HN-3} - aquation 7

where N is the number of telescopes .
Note that the errors become Infinite Tor a three

alescope arvay in which the number of constraints ( the
Lfivg}@ Y is equal to the number of degreecs of Treedom
{ the g{ils )} . I7¥ we only allow correction of the phases
t.e. [glidl = 1 . thoen the variance boecomes @

var{e) = var{i{i3/i{N-27 - equation B8

Furiher constraints on the gains similarly reduce



the variance .

To west this calculation I used the AIPS ASCAL program
to selfealibrate point sources of various strengths ¢ 108 to O.1
in guasilogaerithmic intervals . The noise added was 25 mdy
rads and about 7 minutes of data was used .
In e I I show the r.m.s. of the difrerence boitween the
- ibrated map and the initial c¢lean wap . This subtraction
formed to eliminate , to Tirst order , the effects of

fable 1 :
Flux of point Romos. diFff Signal to noise
souUrce , mdy micrody on map
41 sy p!
41 254
42 127
49 51
67 25
2.5 134 13
L. i 266 5
.5 279 3
.28 286 1
U A gg 2836 F.5

In the regime of good signal to noise we expect that , since
only the phases were corrected , the nolse will increase by
17/{N-2}) = 1.95 Tor the twenty antennae used here . Bofore
Tfcalibration the r.m.s. noise was 197 micrody per beam hence
¢ indicates that the { incoherent § increase in noise Is about
viich i1s in reasonable agreement with the expected value .

In the regime of poor signail to noise the derived values of

Lhe gaing will be completely wrong and therefore equation 5 should
ba used in place of equation 6 . Consequently the noise behaviour
hecomes much more complicated . I hope that nobody wanted
to seifcalibrate a map with S/N about unity !

The application of equations 6,7 or 8 to the seifcalibration
of resolved sources is wmade ratvher more difficuit by two Factors .
First , the weights in equation 6 are not identical and so a true
matrix inversion ig required to calculate the variances . Secondly ,
since we are forcing the data to Took Tike our model of the source
any errorsg in.that nodel will propagate into the final wmap . The
alement of Teedback introduced by continued iteration exacerbates
this problem . In particular , since we use a mapping technique
ch as CLEAN to tell us what the sky really looks Tike any treatment
¥ the noise behaviour of selfcalibration must include the noise
behaviour of CLEAN . Hence the only case thatv we can plausibly treat
analytically is single pass selfcalibration .

As an example , consider the seifcalibration of a point
or noear-point source using as a wmodel a point source . From
cyqusLion & we know the variance of the gains . We then have that

°

variance in the correcced vigsibility € ig ¢

var{CJ = Z%yar{g}®IVI*=2 + var{V} = equation 9

where the values of the gains have boen replaced by unity .



Subst i

€

uting equation 7 and approximating I[TI™"2 by VIT¥Z we

var{C} = (N=11*var{V)/{N=-3} + 2%vari{T}/{N-3} -~ equation 17
Two interesting points arise Trom this result 3

1. The noise is increased by a Ffactor SORT{{N-13/{N-3}}
which for the Ffull VLA 1s 1.4 . For MERLIN the
amplification is 1.29 and Tor a ten station YLBA
it is 1.13 .

2. Errors in the model { var{T) )} are much less
important than errors in the original data . For
the VLA they contribute , incoherently , #.#8 of the
arrors in the final map . This explains the success
of selrvcalibration a la Perley . For smaller
arrays such as MERLIN or the various VLBAs the
eiffect of errors in T is wmuch greater @

For MERLIN #.4% and for a VLBA #.22 .

However , 1t 1s still important to minimise var{T?
by choosing the model { T } sensibly . In
particular , in CLEAN a swmall number of clean
components ig advisable to avoid the inclusion

in T of the calibration errors we are trying

o eliminate .

Ciearly this type of calculation can be made vor the
more general case of a well resolived source and so we can , given
some estlmate ¥or the errors in T , find the nolse Tevel on the
OULLhUL Hap .

The erfect of closure errors 3

We may now also investigate the effect of closure
errors on calibration . Considering the case of a point source

1iave that the variance of the correlator based gain ¥ is

we |
var{{} = {var{V) + variTi3/LTI®¥2 + vari{D} - equation 11

where var{D} 1s the variance of the closure errors . This then provides
anovher driving term in equation 1 . We then have

var{Cy = (N=11%var{V}/{N=3} + 2%{(var{T} + variDI¥IVI**25/{N~3}

- equation 12

where again [T1%-2 has been replaced by [VI~®Z .

We can now see that closure errors play an analogous

role to model errors and are of similar importance in producing

ors in the final map . One important difference remains , namely

at the closure errors way not average down as will var{V} and

var{Ty .




