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Peak Gain of a Cassegrain Antenna with Secondary
Position Adjustment
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Abstract—For an enclosed Cassegrain antenna, the loss of peak gain
and beam deviation due to structural deformations of the primary
reflector and rigid body displacements of the secondary reflector and
of the feed are computed from the combined changes in the radio
frequency (RF) path length. As the antenna moves in elevation, the
position of the secondary reflector may be adjusted mechanically to
minimize the loss of peak gain; a gencral method for the computation

of the magnitude of such adjustments and of their effects on the gain
and pointing of the system is presented. Numerical results are ob-
tained for a particular case of a 45-ft diameter antenna designed for
operation at 95.5 GHz RF for which the computed peak gain of the
antenna varies significantly with the elevation angle. The results
indicate that the loss of peak gain as the antenna moves in elevation
can be substantially reduced by mechanical adjustment of the position
of the sccondary reflector.
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which is independent of scan angle and depends only on the
half-angle 8, of the illuminated part of the lens. For elements
with ideal characteristics, the element spacing can be as large

s (6]
A

§ = — .
2sinf,

(10)

In practice, the realization of ideal element patterns is diffi-
cult and the element spacing should be less than A (or rg
should be less than two).

CONCLUSION

A generalized constrained lens with surfaces of unequal
radii is discussed. The well-known R-KR lens is shown to be
one of the special cases. For a specified radiating aperture and
allowable maximum phase error, it is shown that a lens with
surfaces of unequal radii can be designed to be more com-
pact compared to an equal radii case in limited coverage appli-
cations like that of satellite communications.
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Abstract—For an enclosed Cassegrain antenna, the loss of peak gain
and beam deviation due to structural deformations of the primary
reflector and rigid body displacements of the secondary reflector and
of the feed are computed from the combined changes in the radio
frequency (RF) path length. As the antenna moves in elevation, the
position of the secondary reflector may be adjusted mechanically to
minimize the loss of peak gain; a general method for the computation
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of the magnitude of such adjustments and of their effects on the gain
and pointing of the system is presented. Numerical results are ob-
tained for a particular case of a 45-ft diameter antenna designed for
operation at 95.5 GHz RF for which the computed peak gain of the
antenna varies significantly with the elevation angle. The results
indicate that the loss of peak gain as the antenna moves in elevation
can be substantially reduced by mechanical adjustment of the position
of the secondary reflector.

I. INTRODUCTION

The structural deformations of a Cassegrain antenna result
in surface distortions of the primary reflector and misalign-
ments between the primary and secondary reflector and the
feed. The surface distortions of the secondary are usually ig-
nored as they are an order of magnitude smaller than those of
the primary reflector. For enclosed antennas, the change in
gravity deformations as it moves in elevation is the main
source of gain degradation. Both surface distortions of the pri-
mary reflector and misalignments betwen the antenna com-
ponents result in gain degradation and beam deviation. The
gain degradation due to the gravity deformations of the pri-
mary reflector may be predicted by the tolerance theory of
Ruze [1] from the root mean square (rms) of the surface de-
viations, usually computed with respect to a paraboloidal sur-
face that best fits the deformed geometry of the reflector. The
best-fitting is achieved by simultaneously translating and rotat-
ing the reflector and changing the focal distance {2]. In many
cases, the position of the best-fit paraboloid cannot be deter-
mined with accuracy due to ill conditioning of the equations.
The ill conditioning is inherent in the best fitting process be-
cause rigid-body lateral displacements and rotations of the
primary reflector result in similar distributions of the change
in the RF path length over the aperture.

The misalignment in the relative position of the best-fit
paraboloid and the displaced positions of the secondary and
feed results in beam deviation and loss of peak gain. It is pos-
sible to break up the misalignment into components of rigid-
body displacements of the primary, secondary, and feed and
to compute separately the beam deviation and loss of peak
gain due to each component of misalignment [3]-[S]. The
total beam deviation may be computed by the superposition
of the effects of the components of misalignment; however, to
compute the loss of peak gain the total misalignment must be
considered at one time because, in general, superposition of
the effects of components taken one at a time may not hold.
Antennas for which the loss of peak gain due to misalignment
is significant may demonstrate an acute degradation of peak
gain near the limits of their travels in elevation. To minimize
the loss of peak gain due to misalignment the position of the
secondary reflector may be adjusted by mechanical means,
The magnitude of the adjustment depends on the elevation
angle of the antenna. Gain degradation may also occur due to.
astigmatism resulting from gravity deformations of the pri-
mary reflector as described by von Hoerner {6], [7] which
he suggests correcting by mechanically deforming a flexible sub-
reflector. This communication presents a method for the com-
putation of the adjustment of the position of the secondary re-
flector that minimizes loss of peak gain.

The beam deviation and the loss of peak gain are calculated
directly from the changes in the RF path length resulting from
the structural deformation of the primary reflector and the
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rigid-body displacements and rotations of the secondary reflec-
tor and of the feed. The method avoids the best fitting of the
primary reflector and the resulting problems from inherent in
such calculations. The position of the secondary reflector is
then adjusted to minimize the loss of peak gain. The results,
obtained for a particular 45-ft antenna, indicate that the loss
of peak gain due to deformations caused by gravity can be sub-
stantially reduced by adjustment of the position of the sec-
ondary.

II. GAIN LOSS AND BEAM DEVIATION

Let us consider an antenna with an axisymmetric illumina-
tion function f(r) where r is the aperture position vector de-
fined in polar coordinates by (r, ¢'), (see Fig. 1). The direction
of observation expressed by the angles ¢ and § may also be ex-
pressed by a unit vector p where .

p=(sin@ cosp, sinfsing, cosb). ¢))]
Overbars indicate a vector quantity and carets indicates a unit
vector.

The gain in the direction of observation 13 of a distorted an-
tenna with a change in RF path length of § at point 7 on the
aperture is expressed by

2nj 5—peF)
/f(i)eT( i ds
A

[ 2@ ds

A

Let G be the no error peak gain obtained from (2) by setting
§ =p-r=0, then

2ﬂi5_n.- 2
/ fiye TP s
= |4 : 3)

l 77) as

If the variation of § — pF over the aperature is small as com-
pared to the wavelength A, we may approximate (3) by expan-
sion as follows:

Sys AL ov2
G _(2" )2 lf(r)(S per)ds
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[

2
2\ ff(r)(s—ﬁ-?)ds
+(——> 4 )
f f(F)ds
A

In the direction of peak gain py, 3(G/G,){96 = 0 and
8(G/ Gy)/3¢ = 0. Therefore if we note that

p+F=rsinf cos (p—¢') =10 cos (¢ — ¢') (5)
then

l JCY8 — by - F)r cos (9o — ¢')dS =0 (6a)
and

[ f)YB —bg * F)rsin (pg — ¢') dS = 0. (6b)
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Fig. 1.

Coordinates .

From (6a) and (6b), the direction of peak gain may be ex-
pressed by

/ f(F)dr cos (o — ¢') dS
A

6o = @)
/ fGY? cos® (¢ —¢') dS
4
and
/ f(r)8r sin ¢'dS
tan ¢p = €))

A .
AF)Sr cos ¢'dS
A

III. CHANGES IN RF PATH LENGTH

The total change in the RF path length § is the sum of the
changes in the RF path length due to the deformation of the
primary reflector 8, the rigid-body translations and rotations
of the secondary reflector §;, and the displacements of the
feed &; that is

8=6p+8,+8,. 9)

Let a point on the surface of the primary reflector undergo
a displacement 'Ep = (up, Up, Wp). The resulting change in the
RF path length is twice the axial component of the displace-
ment normal to the paraboloid [8]; that is, Bp = —2n,('u'p-r'x)
where 7 = (ny, ny, n;) is a unit vector normal to the surface of
the primary reflector. In other words

(10)

where the components of the coefficient vector .c'p for a para-
boloid of the form z = r?/4f may be expressed by

6p=cp . up

cpl =cp0 COS¢' (lla)
Cp2 =Cpo sin ¢' (llb)
8r2
Con =— - (l1c)
p3 4f2 +2
where
4
il (12)

Cpo = *
po 4572 +r2
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Fig. 2. Geometry of equivalent prime-focus paraboloidal reflector.

The effect of the displacements of the feed can be ex-
amined by using the equivalent prime-focus paraboloid con-
cept. In this concept we use the fact that the energy converg-
ing on the feed appears to come from an equivalent prime-
focus paraboloid (see Fig. 2). Thus the effects of the displace-
ment of the feed in a Cassegrain antenna is equivalent to the
displacement of the feed in a prime-focus antenna of focal
length Mf. Therefore if the feed is assumed to undergo a dis-
placement Tif = (uy, vy, wy), we can express the corresponding
change in the RF path length 1 as follows:

8)« = Ef * Ef (13)
with
¢r1 = cpg cos ¢’ (14a)
Cpy =cpgsin ¢’ (14b)
—aMf)? +r?
¢y = (140)
4MN° +r
4r(Mf)
Cfo = (l 5)

TaMfR + 2

The rigid-body displacements of the secondary reflector,
translations uy = (ug, Us, W), and the rotations Yys and Y,,e
about axes parallel to the x and y axes passing through the ver-
tex of the secondary may be expressed in terms of equivalent
rigid body translations and rotations of the primary reflector
and of the feed. The resulting expression for the change in the
RF path length due t6 displacements of the secondary reflec-
tor may be written as follows:

by=cs u,+ Cs4‘[/xs+csswys (16)
where
Cy=— (Ep + Ef) (17a)
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Cs4 =—Cpa(k—2z)—cpph—r(1 + €p3)sin ¢’

ss = cpr(k—2)+ceyh+r(1 +cp3)cos ¢’

(17b)
(17¢)

For the known deformations of a Cassegrain antenna the
changes in the RF path length are initially computed from (9)-
(17). The values of § are then used to compute the direction
of peak gain 04 and ¢, from (7) and (8) and the corresponding
loss of peak gain from (4).

IV. ADJUSTMENT OF SECONDARY
REFLECTOR POSITION

When the structural deformations are repeatable the sec-
ondary position may be adjusted to minimize the loss of peak
gain. Let 84 be the total change in the RF path length due to
the structural deformations of the primary reflector and the
rigid-body displacements of the secondary and the feed and let
¢o and O, denote the corresponding direction of peak gain. If
as the secondary is adjusted it undergoes additional transla-
tions and rotations denoted by u, and Y, and Y, the resulting
change in the RF path length after adjustments 8 is

8n=80 +Es-7i+cs4¢x+css\by. (18)

Without loss of generality we may assume that ¢ = n/2 and
u = Y, = 0. For most enclosed antennas which have a vertical
plane of symmetry and are subjected to a linear combination
of face-up and face-side gravity loadings, these assumptions are
valid. (If ¢, # m/2, we may rotate the coordinate axes so that
in the rotated coordinates ¢g = m/2.) Under these assump-
tions, (18) reduces to

84 =080 + (ky sin ¢ + kyw + (k3 sin ¢')Y (19)
where

ky =—(cpo * ¢ro) (20a)

ky =cg3 (20b)

k3 =—cpo(k —z)—cpoh —r(1 + c,3). (20c)

The additional displacement of the secondary reflector
changes the direction of peak gain. Let us denote the direction
of peak gain after secondary adjustment by i)a and the corres-
ponding angles by 0, and ¢,. Since ¢5 = 7/2 and the adjust-
ments do not change ¢, ¢, = ¢¢. If we substitute (19) into (7),
we obtain an expression for the modified direction of peak
gain as follows:

0a=00+6,0+0,y, 2n
where
[f(r)klr2 dr
0, = ——— (222)
/f(r)r3 dr
R
and
/)‘(r)k;;r2 dr
0, =—S—— (22b)
/f(r)r3 dr
R

in which R refers to the interval of radial integration.
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Let us define 84’ and 8, as follows:
8o =8¢ —rfg cos (m/2—¢") (23)

8, =8,—r04 cos (m/2—¢"). (24)

Substitution of (19), (21), and (23) into (24) results in the fol-
lowing:

84 =8¢ +ky sing'v+kyw+k; sing'y, (25)
where

k1'=kl —rav (263)

k3'=k3 —'raw. (26b)

To select the values of v, w, and W, which will maximize gain
we substitute (25) into (4) and set the partial derivatives of
G/G g with respect to v, w, and Y, equal to zero. We obtain

f (ki sin $'6,'dS =0, i=1and3 (27a)
A
/ Pk, 8,'ds=0 (27b)
4
where
/f(r)kzr dr
ky' =Ky = — e (28)
/f(r)r dr
R

Equation (27) is three quatiorls in three unknowns and may
be written in the form of Cx = b where

cj=m / f(Ok'ki'r dr (29a)
R l i,j=1and3
Cip =c3; =0, (29b)
Cyy =27 [ Ok, *r ar (29¢)
R
by=— / fG)k/ sin 9’8’ dS, =1and3 (302)
4
by=— / f(Pk,'8,' ds. (30b)
/1
Solution of this system yields
bycy33 — bacas
v =—2 33 3633 Gla)
€11€33 — €13€31
w= 22 (31b)
€22
—bycy3 + b;3c
Uy = 1€13 311 Glc)

€11€33 —C€13C31

Equation (31) expresses the adjustment of the secondary
reflector needed to maximize gain.

V. COMPUTED RESULTS

The theoretical development presented above has been
coded in a computer program to be used as a postprocessor
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with a structural analysis package. The program computes ini-
tially the beam deviation and loss of peak gain of an enclosed
Cassegrain antenna due to gravity deformations of the primary
reflector and rigid-body displacements of the secondary and of
the feed without adjustments of the position of the secondary
reflector. The computed values of 8o and ;' are used to eval-
uate the surface integrals that define ;, i = 1, 2, and 3, in
(30). The entries of the coefficient matrix C, in (29), which
are functions of the geometry of the antenna and of the illumi-
nation pattern and are independent of the structural deforma-
tions are computed by evaluating a series of line integrals. The
computed values for the adjustment of the position of the sec-
ondary reflector to maximize gain are used to modify the
changes in the RF path length and compute the corresponding
loss of peak gain after adjustment of the secondary reflector.

The computation has been performed for the gravity defor-
mations of a 45-ft diameter Cassagrain antenna enclosed in a
radome. The structural deformations were computed by a
finite-element idealization of the structure. It is assumed that
the surface panels, the secondary reflector, and the feed are
aligned in such a way that when the antenna is at elevation
angle «,, the residual deviations from the ideal antenna con-
figuration are random in nature, (Note that we are ignoring
the bias alignment errors.) Then if §¢* and §,° are the changes
in the RF path length due to structural deformation resulting
from gravity loads in the face-up and face-side positions, we
have

80 =80" (sin @ —sin @) + 8, ° (cos @ — cos a;) 32)

where a is the elevation angle of the antnna.

The values of §¢ are expressed by (32) for vaious elevation
angles a have been used in the calculation of the loss of peak
gain and beam deviation without or with secondary reflector
position adjustment. It was assumed that @, = 30°, f/D =
0.37, and the magnification factor M = 11. It was further as-
sumed that the illumination function is of the form f(r) =
1 —0.75(2r/D)? and that the RF is 95.5 GHz.

In the numerical computations performed we considered
the adjustment of the position of the secondary reflector in
the lateral and axial directions only. The adjustment for the
tilt of the secondary reflector was considered to be counter-
productive because the loss of gain corresponding to the non-
repeatable errors in the angular positioning mechanism are ex-
pected to be larger than the improvements in gain resulting
from the added degree of freedom in the adjustment.

Fig. 3 shows the loss of peak gain of the 45-ft diameter an-
tenna considered herein prior to the adjustment of the posi-
tion of the secondary and after independent adjustments in
the lateral and axial directions as well as after a combined axial
and lateral adjustment. The results indicate that in a Cassagrain
antenna for which the deformations of the primary reflector
structure are almost homologous (i.e., the primary reflector
deforms into an almost parabolic shape), a significant loss of
‘peak gain may occur as a result of secondary position misalign-
ment. Furthermore the loss of peak gain of a Cassegrain an-
tenna may be substantially reduced by suitable adjustments of
the position of the secondary reflector in the lateral and axial
directions. The magnitude of the lateral adjustment v and of
the axial adjustment w for various elevation angles are shown
in Fig. 4.

As we adjust the position of the secondary reflector the loss
of peak gain is reduced and the beam deviation, i.e., the value
of Oy corresponding to the peak axial gain, increases signif-
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Fig. 4. Variation of lateral adjustment v and axial adjustment w of the
position of secondary reflector with elevation angle; no rotational
adjustment of position of secondary reflector allowed.

icantly (see Fig. 5). Note that if the error in the position of the
secondary were primarily due to subreflector droop on adjust-
ment of the secondary position would have reduced the gain
loss and the beam deviation simultaneously whereas if the
error were for example due to distortions of the primary re-
flector, an adjustment of the secondary position in the lateral
direction made to maximize gain could increase beam devia-
tion. Note that the beam deviation due to gravity deformations
is repeatable and can be calibrated out.

NOMENCLATURE

Domain of aperture.
Coefficient vector, see (11), (14), (17).
Coefficient matrix, see (29).

Q|nlh!
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16

Secondary Adjustment
14 —-— None

—— Laterally & Axially

BEAM DEVIATION © IN MILLIRADIANS
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Fig. 5. Beam deviation 6 due to gravity deformation with and without

lateral adjustment of position of secondary reflector; no rotational
adjustment of position of secondary reflector allowed.

f Focal length of primary reflector,

) Aperture illumination function.

G Antenna gain.

Go No error peak gain,

h Distance between feed and the vertex of
secondary, see Fig, 2.

k Distance between the vertex of primary and

the vertex of secondary, see Fig. 2,

ky, ko, k3 Coefficients, see (20).

ky',ky', k3’  Coefficients, see (26) and (28).

b Unit vector in the direction of observation.

Do Unit vector in the direction of peak gain.

7 Aperture position vector = (r, ¢') in polar co-
ordinates, see Fig. 1.

up Displacement vector of a point on the primary
reflector = (up, Uy, wp).

ug Rigid body translation of secondary reflector.

ur Rigid body translation of feed.

Magnitude of adjustment of the position of
the secondary reflector.

x, ¥, 2 Coordinates of points on the primary reflector.
a Elevation angle of antenna.
Q, Elevation angle at which the deviations from

the ideal antenna configuration are assumed
to be random.
é Change in the RF path length, a function of
aperture position.
Angles defining the direction of observation
of the deformed Cassegrain system with re-
spect to the undeformed system,
Direction of observation corresponding to the
peak gain (0q is also referred to as beam de-
viation).
Beam deviation due to a unit lateral displace-
ment and a unit rotation of the secondary.
Components of rotation of secondary about
axes parallel to x and y axes through the ver-
tex of the secondary.
A Wavelength.

¢0) 00

8y, 0y

Vs, \l’ys
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Subscripts
D Primary reflector,
s Secondary reflector,
f Feed.
a Pertaining to adjusted position of secondary
reflector.
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Effects of Phase and Amplitude Quantization Errors
on Hybrid Phased-Array Reflector Antennas

VINCENT MRSTIK

Abstract—The tolerance of hybrid array/reflector antennas to feed
element phase and amplitude quantization errors is examined. The
effects of quantization errors on the peak and root mean square
(rms) sidelobes are derived for an example parabolic reflector.

I. INTRODUCTION

A recent paper reported on an investigation [1] of a hybrid
array/reflector antenna in which a large reflector is fed by a
relatively small phased array. The paper showed that small
array feeds can correct off-axis aberrations and significantly
extend the scanning capability of reflector antennas beyond
the few tens of beamwidths possible with conventional feeds
[2].

Although this recent study, as well as prior studies [3]-[6]
of hybrid array reflector antennas, considered many factors
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This work was supported by the Defense Advanced Research Projects
Agency under MICOM Contract DAAH01-80-C-1056.
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including aperture blockage, aperture tapering (to achieve
low sidelobes), feed element position errors, as well as varia-
tions in the number of feed elements utilized, the impact of
feed element phase and amplitude quantization errors has not
been reported. The analyses to date have generally assumed
ideal feed elements capable of being set to any desired phase
and amplitude.

This communication reports on an investigation which was
undertaken to address the following issues. 1) What is the
impact of truncating the array feed by eliminating elements
whose power is below some specified threshold? 2) What is
the impact of quantizing the phase and amplitude of the feed
element excitations?

These two issues are important in assessing the feasibility of
implementing array feeds.

II. APPROACH

Radiation patterns were computed for scanning in a plane
orthogonal to the longitudinal axis of a parabolic cylinder
reflector which is fed by an array of line sources having con-
trollable phase and amplitude (Fig. 1). A parabolic cylinder
was selected for analysis since it provides a means of examin-
ing the scanning properties of an array-fed reflector, yet avoids
the computational load of performing a two-dimensional
integration over the reflector—as would be necessary for a
circular aperture. Although the behavior of a circular aperture
can be expected to differ in detail from the results given
here, these results provide some qualitative insight into the
behavior of circular apertures as well.

The radiation pattern computations were carried out fol-
lowing the procedures described by Mrstik and Smith [1]. The
induced current method was used to compute the radiation
patterns of a single feed element. The principle of superposi-
tion was then applied to obtain the composite pattern for an
array of feed elements. The element excitations to generate
the desired radiation patterns were computed as the complex
conjugate of the currents induced by an incident field from
the desired direction. An illumination weighting factor was
included to synthesize different radiation patterns. The com-
putations performed here differ from those in the earlier paper
by only three aspects, as follows.

1) Feed Element Quantization Errors Included: After the
phase and amplitude of each feed element for generating
the desired radiation pattern is computed, the phase
and/or amplitude of each element is quantized and the
resulting radiation then computed. (See Fig. 2 for ex-
ample of element truncation and power quantization.)

2) Truncated Gaussian Hlumination Used with—30.7 dB
Edge Illumination: In order to investigate the effects of
amplitude and phase quantization on low-level sidelobes,
a highly tapered Gaussian illumination function was used
which (in the absence of other error sources) yields very
low sidelobes. The first sidelobe is down —47.5 dB and
the root mean square (rms) sidelobes in a “‘sample
region’’ as described later are down 67 dB.

3) Aperture Blockage Effects Excluded: In order to focus
on the effects of quantization errors, and hence to derive
a lower limit on antenna sidelobe levels due to quantiza-
tion errors alone, the effects of aperture blockage by
the feed and/or support structure were not included.
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