
MMA Memo 186:Calculation of AnomalousRefraction on ChajnantorM.A. HoldawayNational Radio Astronomy Observatory949 N. Cherry Ave.Tucson, AZ 85721-0655email: mholdawa@nrao.eduSeptember 30, 1997AbstractWe have investigated the e�ects of inhomogeneously distributed water vapor, ascharacterized by our 11.2 GHz site testing interferometer database, upon antennapointing. This e�ect, known as \anomalous refraction", has been seen at poorer siteswith millimeter wavelength telescopes for years (Altenho� et al. 1987). Because ofthe structure of atmospheric turbulence, the pointing error in arcseconds will besmaller for larger antennas, but the pointing error will be larger in terms of thefraction of the beam size. The time scale of the pointing error will be nearly thetime required for the atmosphere to cross the dish. To �rst order, water vaporis non-dispersive, so the anomalous refraction pointing errors will be independentof frequency. However, there is mild dispersion in the submillimeter, resulting inslightly larger pointing errors in the submillimeter windows. For an 8 m dish on theChajnantor site, the atmospheric contribution to the pointing errors will usually bewell under an arcsecond, except during poor weather and while observing at thelowest elevation angles.1 IntroductionRecently, there has been some concern over the stringent 1 arcsec pointing error require-ment on the MMA antennas. While the pointing requirement is one of the main driversfor the antennas, it is clear that we need the good pointing to make high quality mosaicimages at millimeter and submillimeter wavelengths. Some investigators have questionedif 1 arcsec pointing can even be useful at all, given that the turbulent atmosphere causesboth the synthesized beam and the primary beam to dance about the sky. If the columnsof water vapor above two antennas are di�erent, a phase error will result, e�ectively caus-ing that baseline's contribution to the synthesized beam to shift on the sky. If there is1



a gradient in the water vapor distribution above one antenna, anomalous refraction, ora shift in the apparent pointing, will result (see Figure 1). Since both e�ects are causedby inhomogeneously distributed water vapor, we can predict the magnitude of these ef-fects from the site testing interferometer data (Holdaway et al., 1995). Simulations ofmosaicing with phase errors appropriate to the Chajnantor site have been found to havelittle e�ect on imaging, which is dominated by the physical pointing errors of the anten-nas (Holdaway, 1997). Here, we investigate the severity of the pointing errors caused byanomalous refraction.Anomalous refraction (Altenho� et al., 1987) has been seen with several millimeterwavelength telescopes. If a wedge of water vapor falls across the antenna's line of site,refraction occurs. There is nothing special about these wedges, they are just part of thedistribution of turbulent water vapor, and as such go back and forth very quickly, asopposed to a systematic, persistent wedge. Hence, anomalous refraction causes pointingerrors with time scale approximately equal to the time it takes the atmosphere to cross theantenna. Indeed, some of the early investigations of anomalous refraction found that thepointing error reversed itself before the dish could scan over a bright quasar, producingan apparent double beam.We approximate the instantaneous phase screen as a wedge. Figure 2 shows anexample of an actual phase time series which, assuming frozen turbulence, has beenconverted into a one dimensional slice through a spatial phase screen. The phase bumpdirectly over the antenna is assumed to be a wedge, and smaller scale deviations from thewedge will participate in Ruze scattering, making the beam wider.2 Zenith CaseIn Figure 3 we work through the mathematics of the model for zenith observations. Thegeometry of our wedge of water vapor is set by the angle �, which can be related to thedish diameter d and the path length structure function Dl(d) through:� ' h=d (1)' qDl(d)d(n� 1) ; (2)(3)where n is the index of refraction. Snell's law relates the angle � between the incidentray and the line perpendicular to the wedge to the angle � between the refracted ray andthe normal: sin�sin� = n: (4)The pointing error due to anomalous refraction � is given by� = � � �: (5)2



Then, using small angle approximations,� ' sin�1(n sin�) � � (6)' n�� � (7)' (n� 1) qDl(d)d(n� 1) (8)' qDl(d)d : (9)(10)The path length structure function is typically approximated as a power law in the base-line (here d), but the amplitude and power law exponent change with the atmosphericconditions: Dl(d) = ad
: (11)On the Chajnantor site, the median structure function power law exponent is 1:2 (or therms path length, qDl(d), varies as d0:6. Hence, as the dish size increases, the amount ofanomalous refraction actually decreases as d�0:4. However, the anomalous refraction doesnot decrease as fast as the beam size, so the pointing error as a fraction of the beam willincrease as d0:6.3 Non-Zenith CaseNow, the zenith case is the best case with the least amount of anomalous refraction. Wealso consider worse cases, with arbitrary observing elevation and the wedge in the planeof the line of sight (see Figure 4). We spare the reader the mathematical details, butpoint out a few of the complicating factors:� the e�ective baseline at which the path length structure function must be evaluatedis d= sin(�), where � is the observing elevation angle.� the structure function depends upon elevation as 1= sin(�) (ie, Holdaway and Ishig-uro, 1995).� small angle approximations cannot be used, except for �.A person adept in trigo-algebraic manipulations might have gotten the expressionin a nicer form, but the computer doesn't mind that the expression for the anomalousrefraction pointing error for non-zenith observations is given by�(�) = � � 90 + �+ sin�1(n sin(sin�1(cos(�)=n� �))); (12)with � now related to the structure function via� ' qDl(d= sin �)= sin �d(n � 1) : (13)3



Equation 12 reproduces the results of Equation 9 at the zenith.From our site testing e�orts on Chajnantor, we have a good statistical knowledgeof the path length structure function. Even though we measure the interferometric phaseon a 300 m baseline, we sample the phase with 1 s integrations. The temporal 
uctuationson 1 s timescales are interpreted to be spatial structure 
owing over the interferometer.The signal to noise on 1 s is not always su�cient to characterize the spatial 
uctuationson size scales of �t=v, but when there is high enough SNR, we �nd that the temporalstructure function is always well �t by a power law. Hence, low SNR conditions still permita �t to the higher SNR medium to long time scale 
uctuations and extrapolation backto the short time scales we are interested in here. A comparison between the temporalstructure function and the single point we measure on the spatial structure function at300 m e�ectively permits us to solve for the velocity, or to convert the temporal structurefunction into the spatial structure function, which is the required quantity for this analysis.We have calculated the rms pointing error due to anomalous refraction on theChajnantor site for the three quartiles of the rms path length 
uctuations, for a range ofelevation angles, and for dish diameters 8 m, 12 m, 15 m, and 50 m. The three smallerdish diameters are under discussion for building on the Chajnantor site, and the 50 mcalculations are for the bene�t of the LMT project. In Table 1 we present the resultsfor the pointing error in arcseconds, along with the fraction of the pointing speci�cationin parentheses. The pointing speci�cation is taken to be �=25 at 300 GHz for the threesmaller dishes (1 arcs, 0.67 arcs, and 0.53 arcs respectively) and 0.6 arcs over 2 hours and10 degree radius on the sky for the 50 m dish. If the LMT's site has worse phase stabilitythan the Chajnantor site, then the pointing errors due to anomalous refraction will belarger than the values quoted here.Also presented in Table 1 are the quartile rms atmospheric path length di�erencesacross the dish, in microns. These numbers can get quite large, 50-100 microns for the50 m dish. As stated earlier, the wedge shape (ie, tilt) will dominate, but there is alsostructure on the smaller scales deviating from the wedge. These smaller scale deviationswill behave as surface errors, e�ectively broadening the primary beam. Since physicalsurface errors on the antenna a�ect the path length twice (pre and post main re
ector) andthese atmospheric 
uctuations only a�ect the path length once (except for the presumablyrare case where the turbulent water vapor is dominated by thin layer between the mainre
ector and the subre
ector!) the residual path length deviations must be divided bytwo before applying the Ruze formula. We have not investigated this e�ect further, as weexpect it to usually be small for the small interferometric dishes.4 DispersionWe have assumed that the water vapor is non-dispersive, or that the anomalous refractionis independent of frequency. This is nearly true up to 300 Ghz, but begins to break downabove 300 GHz, and the pointing errors due to anomalous refraction will be about 30%larger in the submillimeter windows due to large values of the index of refraction of water4



d = 8m, (pointing spec = 1.0 arcs)elevationQ qDl(d), [�] 90� 50� 30� 20� 10�25% 8.8 0.22 0.31 0.52 0.81 1.73(0.22) (0.31) (0.52) (0.81) (1.73)50% 18.0 0.47 0.64 1.07 1.65 3.55(0.47) (0.64) (1.07) (1.65) (3.55)75% 39.2 1.01 1.40 2.31 3.59 7.75(1.01) (1.40) (2.31) (3.59) (7.75)d = 12m, (pointing spec = 0.67 arcs)elevationQ qDl(d), [�] 90� 50� 30� 20� 10�25% 11.2 0.20 0.26 0.44 0.68 1.47(0.29) (0.39) (0.66) (1.00) (2.20)50% 22.9 0.39 0.55 0.90 1.40 3.02(0.58) (0.81) (1.40) (2.11) (4.50)75% 50.0 0.86 1.20 1.98 3.05 6.59(1.30) (1.79) (3.00) (4.60) (9.91)d = 15m, (pointing spec = 0.53 arcs)elevationQ qDl(d), [�] 90� 50� 30� 20� 10�25% 12.8 0.17 0.25 0.40 0.62 1.34(0.31) (0.47) (0.75) (1.17) (2.51)50% 26.2 0.36 0.49 0.82 1.27 2.76(0.68) (0.92) (1.53) (2.39) (5.16)75% 57.2 0.78 1.09 1.81 2.79 6.02(1.46) (2.05) (3.39) (5.24) (11.3)d = 50m, (pointing spec = 0.6 arcs)elevationQ qDl(d) [�] 90� 50� 30� 20� 10�25% 26.3 0.10 0.16 0.25 0.39 0.83(0.17) (0.26) (0.41) (0.65) (1.20)50% 53.9 0.22 0.31 0.51 0.79 1.70(0.37) (0.52) (0.85) (1.32) (2.84)75% 118. 0.48 0.68 1.12 1.73 3.72(0.80) (1.12) (1.86) (2.88) (6.20)Table 1: Calculated pointing error due to anomalous refraction on the Chajnantor sitefor di�erent elevation angles, atmospheric conditions, and antenna sizes. Numbers withno parentheses are in arcseconds, numbers in parentheses are the fraction of the pointingspeci�cation. 5



Antenna Diameter Average Pointing[m] Time Scale [s]10 2.720 3.930 5.050 6.7Table 2: Anomalous refraction pointing error time scale as a function of dish diameter.vapor.5 Time ScalesTo �rst order, the time scale of the anomalous refraction pointing errors will be the timeit takes the atmosphere to cross the dish, which is on the order of a second. The details ofthe structure of the atmosphere will increase the pointing error time scale, especially forsmall dishes. We can calculate the time scale of the pointing errors using the raw phasemonitor data. The pointing errors are proportional to the spatial derivative of the phasescreen evaluated on spatial scales of the dish diameter. The pointing error time scale canbe estimated from these time series (see Figure 5 and Table 2. These pointing errors willbe more or less random over the array. For observations which are long compared to thepointing error time scale, the pointing errors will have a minimal e�ect, as they are bothrandom in time and with antenna. For observations which are short compared to thepointing error time scale, as for On-The-Fly mosaicing or total power work, the pointingerrors will be more problematic. Finally, for a large single dish performing On-The-Flyimaging, the pointing errors are most damaging, as they persist over several beams onthe sky, but not long enough to be calibrated, and there are no other antennas to averagedown spatially random pointing errors with.6 Correcting for Anomalous Refraction Pointing Er-rorsFor arrays of small antennas on a good site, there is little point to correcting the anomalousrefraction. However, for a single large antenna, pointing errors caused by anomalousrefraction may limit the performance of the antenna some of the time. If one couldmeasure the distribution of water vapor above the antenna on second time scales, onecould correct for the pointing in real time or in data post-processing One could do this bymounting four or �ve 22 GHz or 183 GHz (depending upon the quality of the site) watervapor spectrometers of the sort David Woody is making, at the edge of the large single6



dish, and possibly one on the back of the subre
ector.ReferencesAltenho�, W.J., et al., 1987, \Observations of anomalous refraction at radio wavelengths",A&A 184, 381.Holdaway, M.A., and Ishiguro, M., 1995, MMA Memo 127, \Experimental Determinationof the Dependence of Tropospheric Path Length Variation on Airmass".Holdaway, M.A. et al., 1995, MMA Memo 129, \Data Processing for Site Test Interfer-ometers".Holdaway, M.A. et al., 1997, MMA Memo 178, \E�ects of Pointing Errors on MosaicImages with 8m, 12m, and 15m Dishes".
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b) Different gradients of water vapor across the dish results

in anomalous refraction, mispointing the primary beam.

results in phase errors and refractive scintillation.

a) Different columns of water vapor above antennas
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Figure 1: Water vapor distributions resulting in phase errors and anomalous refraction.8
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Figure 2: An example water vapor column screen derived from phase monitor time seriesdata, showing the wedge approximation.
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Figure 3: Geometry for the anomalous refraction calculation for the zenith.
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Figure 4: Geometry for the anomalous refraction calculation away from the zenith.
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Figure 5: A time series of pointing errors as calculated for an 8 m and a 50 m dish fromsite testing data during poor conditions. The larger dish has smaller pointing errors inarcseconds (larger as a fraction of the beam), but the time scale of the 
uctuations arelarger, and therefore more damaging to mapping work.12


