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INTEGRATION OF A DC SIGNAL MIXED WITH NOISE — 
FILTERING AND USEFUL RATE OF SAMPLING 

Let us consider a receiver fed by a cpnstaht level signal. Let S(t) = S be the corresponding DC com

ponent, after detection, with which is mixed the receiver noise XQ(t). Its power density spectrum is 

A0(y), its correlation function: 

PQ(r) = /" A0 (v) cos 2m>r dv 

and its rms: 

<r0 = Vp0 (o* 

After passing through a filter having a power frequency response gt
2 (v), such that g1

2(oi) = 1 in order 

not to modify the DC signal, the noise added to S becomes xt(t), with a power density spectrum of: 

Ai(v) = AqW, gi2(v). (1) (Theorem of 
Bochner Khintchine) 

Let pt(t) be its correlation function, and at its rms. % a continuous integration during a time 

T (i.e., j / Q (S(t) + Xt(t)] dt) one reduces the rms of the error on S by a factor k VT (k = 1 when 

T is big enough compared to the time constant of the filter): 
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FIGURE 1 

Actually, one knows that a continuous integration is superfluous since the noise has a certain 

statistical memory due to the limitation of its spectrum by the filtering, in other words since the 

values of this random function are not entirely independent. Consequently, the summation of the 

values of only a sufficient discrete number of points must reduce the rms of the error on S to a 

Vi ; <t2 ' very little different from <x2 or even equal to cr2 in the ideal case of a strictly limited band

width. 



y\ usual approach to this problem is to apply to the noise record the result of the sampling theorem 

for a strictly band limited function: A function f(t) [whose Fourier transform is zero for all frequencies 

greater than B] can be identically represented by: 

*> P k = -°° 

Therefore, f(t) is entirely determined by the knowledge of its values for points at intervals — if 

T is the time of observation, n = 2BT+1 points are sufficient to restore f(t). 

Actually, there are two objections: First, the problem is not to know a particular noise function, 

but only to reduce by summation the statistical fluctuation which affects S to its theoretical minimum 

a2. A second objection lies in the fact that it has been necessary to assume that the bandwidth of the 

filter is strictly limited. 

The purpose of the following is to calculate directly the rms a2' of the noise which affects the signal 

S, after summation of values sampled at an arbitrary rate 1/0, as a function of 0, of the power fre-

quency response of the filter, and of the time of integration T. It will be then possible to define the 

useful rate of sampling by the valiie 0O of 0 for whichi? <t2' is only greater by an acceptable factor of 

p • cent to the theoretical minimum value <r2» corresponding to 1/0 -* «°. By sampling S(t) +X(t) 

at intervals?©, one obtains after summation of n values: 

nS Xl(t0 + k0). 
k = 0. 

where tQ corresponds to the beginning of the integration. Therefore, to the signal S is added the noise: 

n - 1 
x2(t0)=- > ; x l ( to+k©>. 

k = o 

Its correlation function is: 

1 n - 1 n - 1 
p2(T) X2(t) x2(t-r) n2 2_J ^_Jo Xl(t + k'0). Xt (t + k"0-T) 

From: 

Pi(T) = X^t). Xi(t - T) = f0 Afiv) cos 2vvrdv 

one has successively: n l 

4}-
= '3 /( 

real part of -(— 

PSW = + >" . (N-TY (PI(K© + T) + P{(ke - T)jy 

^ iVT (a-k) [e^J"(k6^)+e'',,'(ke+T)l| AjW dr 



And finally; 
r00 . , ^ sin.2n7rv© 

P2(t)=/0 At(v) n2 siniffy© C°S T 

After summation, the power density spectrum of X2(t) is then: 

* / \ * / \ sin. 2nirve 
2 1 n2sin, 7TV0 

Therefore, the summation of n values of the noise at intervals © acts as a linear filter having a power 

frequency response ' 
J- / \ - sin. 2nfff © 
**2 ~ n2sin. 2nv0 

n0 T 

This is a comb filter, the lobes of which are spaced at intervals l/©. The total area of a lobe with its 
2 2 

secondaries is equal to l/n0 = 1/T; the width between first nulls is 
gfW ' 

FIGURE 2 
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FIGURE 3 

After filtering and summation, the power density spectrum of the noise is: 

A2(V) = Ai(i/). gz
2(v) = ATIP). g\(v). g2

z(v) 

with AQ(V) = AO * constant 

Therefore 

<*i = P2(°) = /T A2(^)dl/ 

is represented by the hatched area on figure 3* 

One sees that this hatched area comprises two parts: 

(a) The first half-lobe which cannot be avoided since the filter must let pass the DC signal, its 

area is ^ ^and represents the minimum variance cr2
2 



(b) All of the other lobes, distant from each other by 1/0; their total area is a function of g2
1(v) 

and of .1/0, and decreases as 1/0 increases, tending to zero when 1/0 —> 00 (the case of con

tinuous integration). 

It is therefore possible to define the useful rate of sampling 1/0, by the value 0O of 0, for which this 

remaining area can be considered as small enough compared to 

Example: Useful rate of sampling in the case of an RC filter -

With RC = r, the power frequency response of an RC filter is: 

^W 'l + lW 

For: l/©;= l/2r, one finds: 

a'* " °* < 15% 
°2 

For: 1/0 = 1/r : 

A', - a, 
(fig. 4) 
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1 
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FIGURE 4 



For: l/e = 2/r: 

a<i! " < 0,5% 
°2 

One can consider a rate of sampling of 1/0 = l/r as a reasonable value. 

Remark 

In the case of a strictly limited bandwidth B, the useful rate of sampling: is exactly: 1/0 = B + —< 
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is exactly: 1/© = B + 

This means that, in order to reduce the variance to its minimum, the number of points which must be 

sampled in a time of observation T is: 

n = BT + 2 

If the problem had been to reconstruct the record of noise, the number of points necessary for this 

restitution would have been: 

n = 2BT + 1 

thus twice as much. 
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On page 4 of the original paper 

"i|Cr = e (rms error) (1) 

The mean square error is given by 

0*2 _ 
R = -rf- <2) 

From (1) a' = a(l + e) 

o2(l + eV* - o® 
From (2) R = ' J—— 

= 2c + €' 

And for e « 2 

R ^ 2« 

Since the area under the RC filter curve in Figure 4 is given by 

gl2(V) = 1 + (27TPT)2 

then considering only the central cross-hatched area gives the mean square error 

00 
P 1 



where © = sampling interval 

and T = RC time constant. 

Although (3) may not be summed to infinity by analytical means, the value 

500 

R500 ~ / ' (27mr\2 

hi1 * 

is taken. It may be shown that R - R&00 is negligible, by comparing with series which 

may be summed to infinity. Hence the digital computer gives 

T R500 € 

e 8% 4% 

20 2% 1% 


