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SUMMARY

This memo presents calculations of the Doppler on the phase transfer link between a
ground telemetry station and an orbiter. Contributions from two physical effects (Retarded
Doppler and Relativistic Doppler) and two types of parameter errors (the clock and the
location of the ground telemetry station) are considered. The Retarded Doppler and
Relativistic Doppler effects are sufficiently large that they must be included in the model
used to generate the uplink and downlink phases. The Doppler contributions from clock
errors at the telemetry stations are too small to cause problems. The Doppler contributions
from station location errors are acceptable if the station locations are known to within
11 m (VSOP) and 65 m (RADIOASTRON).

ORBIT PARAMETERS AND NAMING CONVENTIONS

The VSOP orbit assumed in this memo has a perigee altitude of 1000 km, an apogee
altitude of 20000 km, 2 maximum velocity (at perigee) of 9.2 km/s, and a maximum
acceleration (at perigee) of 7.3 m/s?. The RADIOASTRON orbit has a perigee altitude
of 5000 km, an apogee altitude of 66700 km, a maximum velocity (at perigee) of 7.8 km/s,
and a maximum acceleration (at perigee) of 3.1 m/s3.

For the round trip phase transfer, define the epoch of broadcast from the ground as tq, the
epoch of reception (and transponding) at the spacecraft as t;, and the epoch of reception
at the ground as t;. The time-dependent locations of the orbiter and the ground telemetry
station are Xo,4(t) and Xtei(t). The distance between the orbiter and the ground telemetry
station is p. In this memo, vectors will be designated with bold type face.
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RETARDED DOPPLER

Because the signal is in contact with the spacecraft at only one epoch (t;), the only
spacecraft parameters which affect the round trip phase are the position and velocity at
that epoch. However, the position and velocity of the ground telemetry station at both tq
and t; affect the round trip phase. Specifically, Xo.5(t1) — Xtei(to) and Xia(ts) —Xo,b(tl)
determine the two way link Doppler. Previous work [1] assumed that Xgel(to) = Xg,z(tl) =
Xtet(t2), ignoring the acceleration of the ground station during the two-way link delay.
This assumption introduces a one way “Retarded Doppler” error AD,.; on board the
orbiter of

(xorb (tl) - xtel(tl))
[ Xors(t1) — Xea(t1)

(1) ADret = = (Xea(ts) = Xeatlto)) -

This error cannot be calibrated with round trip link phase measurements, because
Xtel (t1) ~Xter(to) = Xtei(ta) = Xter(t:). The errors in the uplink and downlink models will
therefore approximately cancel. The position of a ground telemetry station as a function
of time is

Xitel(t) = Ropin[cos(0t — )% + sin(Qt — )] + Z2,

where X, ¥, and £ are unit vectors in a geocentric, non-rotating frame, R,,in is the distance
between the telemetry station and the spin axis of the earth, v is the west longitude of
the telemetry station, Z is the distance of the station northward from the plane of the
equator, and 1 = (27/86400)s™! is the rotation rate of the earth. The acceleration of the
ground station due to earth rotation is

(2) Xea(t) = —02R,pin[cos(lt — )% + sin(02t — ~)¥]
The magnitude of the acceleration is
IX:a(t)l| = 02 Re cos ¢,

where Rg is the radius of the earth and ¢ is the latitude of the station (the relation would
be an equality for a uniformly rotating spherical earth). Therefore, the maximum value
for | Xia1(t1) — Xtat(2o)]] is

(3) 1AX maz|| = 02 Rg cos ¢”";“,

where pmaz is the maximum distance between the ground telemetry station and the orbiter.

Setting pmaz equal to the height of apogee and assuming that AX,,; is along the telemetry
station-orbiter direction gives:

(4) ADy.,,, ~0.22cm/s cos¢ (VSOP)
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(5) AD,.,.., ~0.75 ecm/s cos ¢ (RADIOASTRON)

Because the magnitude of the Retarded Doppler effect is comparable to the maximum
allowed velocity error for the reconstructed orbit in the most stringent case [2], it must be
avoided by the used of the correct model at the station. Since the predicted orbit state
vectors are supplied in a geocentric frame, this will be feasible.

RELATIVISTIC DOPPLER

Previous work (1] has assumed that the ratio D of received to transmitted frequency is
D =1~ jp/e, where ¢ is the velocity of light. This is true only in the low velocity limit.
The relativistic formula for the ratio D, of received to transmitted frequency is

1
(6) Dia = I‘_(l—-i-—_ﬂc_os_a—) ,

where 8 = p/¢, T is the Lorentz gamma factor (I‘ =1/y/1 —ﬂ’), and @ is the angle

between the vector from the ground telemetry station to the orbiter and the corresponding
relative velocity vector. For § = 90° the correction in the two way Doppler due to special
relativity is

(7) ADa = (D}, - D*)ec =% - ('-'(3)] c = (S(I—ﬂ) c

At perigee, when the spacecraft velocity is at its maximum,

(8) AD,,,., =28 cm/s (VsoP)

(9) AD,,,,, =20 cm/s (RADIOASTRON)

Depending on the exact non-relativistic approximation used for the link phase models,
part or all of this would be removed by round trip link phase measurements. However,
the magnitude of AD,,; is comparable to the maximum allowed two-way residual Doppler
(3], and should be avoided by the used of the correct relativistic model.



CLOCK ERRORS AT THE GROUND TELEMETRY STATION

An error At in the clock at a ground telemetry station will cause an error A D.jocx in the
round trip Doppler of

(10) ADock = 2At||)"(,,b - )"(m" cosf, where

(xorb - }“{tel) ¢ (xorb - xtel)
"iorb - j.(tel" "Xorb - xtel“

cosfh =

Setting 8 = 0 and [|Xops — Xiet]| equal to || Ko, || gives

(11) AD.lockn.. = 1.5 x 10" 3cm/s/usec (VSOP)

(12) ADclockn,. ~ 6.2% 107 %cm/s/usec ~ (RADIOASTRON)

This is too small to cause a problem for clock errors of 30 usec or less.

STATION LOCATION ERRORS

To calculate the effect of an error AX,; in the knowledge of the telemetry station location
on the predicted velocity of the orbiter, begin with the expression for the range p:

P = \/xorb «Xord + Xtel - Xiet — 2 Xord * Xtel

ﬁ —- xorb * x«'.n'b + xtel * Xtel - xorb * xtel - }torb * xtcl
P

0p (itel - Xorb) + (Xtcl - xorb) ‘ g_;%:f - ﬁa’%ﬁ

13 =
( ) 0X¢er P

In order to set an upper limit to the right side of (13), note that




At perigee, Xo,b ~ 20 N X, for VSOP, and }'{orb ~ 10 0 X, .3 for RADIOASTRON.
Therefore, the second term on the right side of (13) is much smaller than the first, and
will be neglected.

” axtel
p=< “xtel - xorb"
Therefore, (13) can be reduced to the following approximate upper limit:

9p

< 2"5(“1 "Xorb” ~ 2 "Xorb"
axtcl

p p

(14 |

The change Ap,iqat in p due to an uncertainty in the telemetry station location is:

2 [[Xors|l 18X eal

(15) Apstat < p

The maximum value Ap,tqt,,,, Occurs at perigee, so that

2 " Axtcl "

Ap <
pltatm., hpe,.

pery

where hp,, is the altitude of perigee and vy, is the velocity of the orbiter at perigee. Using
Angx(m) = Axm/l m,

(16) Abatatme, < |AX¢a(m)|| 1.8 cm/s  (VSOP)

(17) Abstatmes < |AX¢a(m)|| 0.31 cm/s  (RADIOASTRON)

Setting this component to be 1/2 of the total velocity error budget of 40 cm/s (3] gives
maximum allowed station location errors of

(18) |AX i, [l 11 m (VSOP)

(19) |lAX¢e,... [l 65m  (RADIOASTRON)

The locations of all the telemetry stations are expected to be known more accurately than
this. However, it should be noted that the correction UT1-UTC must be included in the
link phase model. Otherwise, an apparent station location error AXiet,, of

AX¢el,, = Reflcos $[UT1 — UTC| = 463 m|[UT1 — UTC|(s) cos ¢

results. As UT1-UTC can be as large as 0.5 s, failure to include it in the model would
cause the round trip residual Doppler to be outside the allowed value much of the time.
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