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SYNCHROTRON RADIATION

© D. S. DE YOUNG

- , _Intérést in syncﬁrotron:radiation originatéd,'bbviously, from an
| investigétionbcf radiation.pfoduced by‘syﬁchrotroﬁv(and @yclotron)
agcgie&atofs.:,$Xtrat§;rescrial app;igations did'notnoccur‘ﬁntilleSBfv
bﬁﬁen Shkib?éky pfppoée& iﬁé.éyncﬁfbtfdﬁ”ﬁééhanism‘to explainithe optical
 radiation from the C#ab,Nébulé;' Since then the pfocéss has been sden:
‘to be'responéible-for:most of the non-thermai rédiaﬁion from avméjority
vof radibésdurces in the sky. 'Hence én‘understanding'of éynchrotrdny-,
émission ana the information it carries.concérning the conditions of its
origin isvessentialvto work in fadié astronomy. | |
fu. v ,’_Hwé beg;n with a,singie3non—r¢1ati§istic charged particle and'wo;k
our'wéy»Up to'an‘eﬁsémble'ofbrelétivistic particles imbedded in a
'.magnetoéctive blasma.' |
¢

Non-relativistic Radiation

All accelerated.charged particles radiate when moving in a vacuum,
To see this we use the retarded potentials which allow for the finite

propagation speed ¢ of the E and B fields;
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where R = r - I, T being the position of the observer, re-the position of

o o o ' ->
the charged particle moving at v.

Using : }
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gives

E ““(1— B-R) g (7)) e
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. The term not dependent on'v gives noyradiation‘flux at infinity and thus no

net radiation loss. The v term does, and the radiéiton'field.drops‘as 1/R
hence dominating the‘firstvterm‘at large_distances.from the charge.

The energy flux is given by

S = = E(g B ) o . . (7)

and the angular distribution of radiated power is

dp _ e? .,

dQ‘ = m Vv sin? 8 - ) | . . (8)

where 6 is the angle between v and the direction to the observer. For v ||

- : '
to v the distribution looks like:
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‘The iotél power is P =v2 e2§21(3c3). This‘is also the radiation pattern
of an oscillating dipole. Larmor motion due to particles moving in a

. magnetic field is helical with

vmc

‘ eB vme - o .
- Thus we haVe:acceleration,iand the motion in a plane perpendicular to B
(i.e., circular motion)-cén be regarded as a superposition of two dipoles

oscillating n/2 out of phase. After averaging over the peribd we have
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where 6 is the angle between B and the wave vector k. The pattern appears

as:
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Relativistic Particles

To find the effects of relativistic motion, we can Lorentz transform

‘the non-relativistic case into a frame moving at v ~ c. . One finds in

b e R
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general thatf

dQ - 4me3 (1
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B = v/c -and fhéiradiatipn pattern'is-

. - ) ....l - =
w;th emaxﬁJ 2y for Y

becomes

= Projection of the clectric ficld in a p
- dipolc as a functjon of the anzief3 hetween
and the wave v '
bution of the fi

Radiation "pattern for
charge accelerated in its direction
of motion. The two patterns are
not to scale, the relativistic one
(appropriate for ;+ ~ 2) “having
been reduced by a factor ~10:

for the same acceleration.

eld is shown for the case p=

ceter ko The dipole i moving

ane passing through the axis of a

the transiational velotity v of the dinole

3c. The radius of curvature is 1.

perpendicular to its axis, and the distri-



The radlatlon pattern and spectrum are obtalned from eq. (5) by
'1nsert1ng motion approprlate to that of a charged particle in a magnetlc

field.' Taking_the Fourier t:ansform of,E and using Hermititity one finds
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of the second kind. The K2/3

term glves radiation polarized perpendicular to

Y1) o ; i oo
where x = and the K's are modified Bessel,functions
term gives radiation polarlzed in the plane

of the orblt, the Kl/3

"this. It turns out, after integrating over all angles, about seven times
:as much energy is radiated parallel to the plane as isvperpendicﬁlar.
What does all this look like?  The beam is sharply peéked with a width

& 1/y. This width is a function of w, however, as is seen below.

Differential frequency
spectrum as a funciion of angle.
For frequencies comparable to
the critical frequency eo., the radi-
ation is conﬁm.d to angles of the
order of y='. For much smaller
(larger) frequencies. the angular

spread is larger (smaller).

dltw)
dQ
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Here W, is defined as

3 eB 3

y>.. The intensity integrated over all angles

is shown below.
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It is seen that the emission_drdps off rapidly above w

It should be noted that another critical frequency v_ = 2n§§'yz

has been defined by Ginzburg and Syrévatskii and is often found in the

- literature.

-

"The above figure on a more extensive, linear scale is shown below.
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The spectral disteibution of the power of the total (over all dircc-
Here x = \,/\,C. v tions) radiation from charged particles moving in a magnctic ﬁcld.‘



;"Soﬁe short usefu1 (but‘n§tMa1ways appfbpriate).fbrmulée_cah‘be set
‘*Adowﬁ; The maximum frequenéy of radiation for particie of‘ene:gy,v'

L *eB;; o
v = 07 — y2Hz
m S mc

@y _“
o ' 187‘ ‘ 21v=.. ' -6 | 2 | o
= 1.8 x 10,- QLﬁEerg) | 4.6 x 10 %L(Eev) }

. where the values in the last_lihe are for electrons. ~§i_is the value of

B normal to the electron velocity..

The total ihtegra;ed‘power is  ,%
2 e"‘sz oL . :
G e 2 _ : i o ‘ .
‘P(Y) | 3 m2 c3 (Y 1 : - | : ) (14)
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= 1.57x 10 ~° B,?2 v2 erg sec
| e
again for electrons.
Finally,'the polarization for the two perpendicular directions is

given below.
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‘It must be remembered that the helical motion of the particle produces
a beamiof~radiation which describés a comne as:che particle moves. The
. polarization vectors of the radiation in the observer's plane are given

below. _ ,
' ' Oscdlatxon c!lxp<c of the clcrmc vector in a wave radiated by particles »
moving in a magnetic ficld, where the ‘charge is taken as a positive. For negatively -
charged particles (clectrons) the direction of rotation is opposite to that shown. The
plane K is the plane of the figure (the piane perpendicular to the direction of the radja-
tion or, equivalently, to the direction of the observ er), and & and 1y are two mutuaily

: (; ~ orthogonal vnit vectors in the plane of the ficure, of which 1y is directed along the
X ’ projection of the mag retic field H on the piane A,

1 dE 5 x 108 me?
E dt ™ 2

sec - as)

Ensembles ‘of Particles

As radio’éources conéist of more thén one charged particle (or two) we
need tovcdnsider ensembles of charged‘paftiéles wiﬁh-a given distribution in
energy. Let the particle distribution be N(E,-z, 5) dE dQ dV, which is the
numbéf of particles in théAvolume dV>With energy between E and E+dE and
velocity inside the solid angle d2 in the direction 5/9. We have found for

each particle the intensity I as a function of w, E, and 8. Let us assume

for a moment the medium has no effect. Thus the total radiation intensity



' is a stmple :'l'n‘t‘egrgl»v.:’v ‘The form for I used B = B siny where y is the pitch

| ‘. }éngle. A Mofe v-g'e,_ne.rv.ally‘ we héve'ﬁhe I(E, w, ;, e,wp) . The radiation 1s ,

"‘emitted in g'narr6W»coné directed along thé.insténtaneous velociﬁy»of»the '
fpérticle;'and the‘integtacibﬁ over dQ:ié equivalénﬁ td intégration ov¢r‘de.'

Sevefa1 othér simplifying assumptiohs are now possible and usuaily made:

 1; The relativiSticvparticle distribution is hombgeneous and"
 1sgf¥opic, thus .

| N(E, r, Q) T N(E)

‘2. The magnetic field has randomvdipection,over a line of sight

~ through the source and has constant amplitude.  Thus one may

average over. Y.

,- 3. The distribution in energy for the ﬁarticles is a power law:
‘N(E)vdE:,é KE'Y 4B cm-s‘ergél.

(ﬁ.b;' Y hereafter is not %//51482 )

- After these assumptions and considerable algebra one finds, for a source

of dimension L along the line of sight, that

' 3 » yO-1)/2 L
I, = : 2 5 Or+1)/2 (v-1)/2
R (lmmfscs} : Bo - KLv |
‘ " ’ 18\(Y—1)/2
=-1.35 x 10“228(Y)KLB(Y+1)/2 ( 6.26'»); 10 \
erg em 2 secml,ster’-l Hz—; : e

where the numerical values apply to electrons. This gives, under the

\

: . ' -2
above assumptions, the power crossing each cm “ of the source surface per

‘'ster per Hz, The factor a(y) is
(-1)/2 5 o (3y=1Y L 3*{+1'9) . 1:3'+5\; |
2 {712 /" LT g :
aly) = . N+7 - Qan
8 /1 (y+l) T (l——) E |
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1aod ranges from m‘.28 to .073 as y.goos from 1 to 4. Eqﬁatioo:(16)
shows that for a power law partlcle dlstrlbutlon =E Y, the inten51ty
‘I_¢'v;q, a % (Y-l)/Z. Such power law dlstrlbutlons in frequency are
‘observed in many radlo sources. | |

| As observatlons are made on: earth ‘the results are usually reported
- in flux density-Fv,such.as Watts m z Hz-l; If R is the distance to

‘the source and if R >> L,

. . 135 x 107220 (kan3s YD/ (6.26 x 1018107172
' v | v6R2 Y /
we?est o (18)
‘agéin for electrons..

A conﬁenieht form for the constant.K (if ali‘else:is known) is obtained
.from:tho above equation, gince,Fv is gn’obsgrved qugntityf woinotioethat
vall'tﬁeée forms giQe only ﬁhe product of the porticle energy.and magnetic
field to various powers. - This is because the basic loss equation is
«E2B2 per pafticle. Henoe all the obsérvatioﬁs can give us is this product,
‘The total enérgy in ‘a radio oourée in both field and particles is minimized
. when the two énergy'densities are roughly equal.. Tﬁis "equipartition
assumption" is usually used on the basis that nature will try to get away
'wiﬁh soﬁething on a least‘cost basis. |
.If’thé magnetic field ié not completely homogeneous and random, the
abo;e.aésumption (2) cannot be used. It turns out that for this‘case‘thei
net radiation ‘is polafized due to field ordering. (Recall the polarization

of an individual particle emission. If the field were completely ordered,

this polarization would not be destroyed.)
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The fract10na1 polarlzatlon for a power law N « E Y is

2B, 2 \ , : o :
Y. +1 A i o |
Y‘* 7/3 ( 3512 / ', SR R L | as)

: for the case of a strong random fleld B which is superimposed upon a
- homogeneous field B. B; is the progectlon of B upon the observ1ng,plane.
For the case of a constant fleld strength B whlch has fluctuations B“

’ and QJ‘relatlve to a symmetry ax1s,v

| 3Z.352 o
A _ASGAD sy v T P | o
- T BGenGED T B2 | |
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vInfluenCe of the Medium

The réhiation emitted by an ensemble of relativistic farticles must
pas§ through those particles, as well as any cher.less energeﬁic material
that may be present, before it can escape. : The presence of this materiél
can affect the radiation through absorption processes. Radiation will not

traverse a plasma below the plasma frequency

» ‘ vz IR
wp = [}%E!i%] o : . (2;)

so the presence of a lot of thermal gas can damp' out the radiation.
More importantly, the relativistic electrons themselves can reabsorb

the radiation. The self absorption coefficient is given by

72 ‘ '
e3 [ 3e \ . (y+2)/2 -(y+4)/2 :
o= g(Y) ()nm iznm3csj KB ° v (22)
“for a power law, where
o / \ .
e(y) = 3Z§ p 32, {3y+22 | (23)
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: "iﬁusff5rfa }ayé?l§f¢th1cknes;~L §h§ iﬁteﬁéity’is 1; = -ﬁﬂ-(l-e“"L) 
and ifl: >> 1/u, we h%we" iv « 'v§/2 thch is é'very Qiffé;ent sIJvect-rt.’xm.’
:‘than vfa;’,Tﬁis'effeét can ﬁe-Very valuable in estimating the sizevof a

N i .radio'-gmivt.ti‘.ng‘ region fro;m' the sﬁapé of thé spectrum as it goeé from |

R oﬁt‘ically :tﬁi'ck to opti‘ca'lly ~‘ thin.. 'I'hatb is,ﬁ fér spectré which loék like: .
s

.

00 - 1,000
) Frequeney (Me/s)
—, syuchrotron absorptien; ~ - -, thermal sahiorption

If v 1is the fr"eq..uehcy at which turnover occurs and F(\)l)' is the flux

‘density at that frequency, then the angular diameter is

)

j2 -sia 16 . 174
v B, (vl+.z) |

6 N 4 x 10l6 [F(vl)]l

where z is the redshift.






