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"I. INTRODUCTION
For a telescop\_ yhose aperture is r, the angular resolution A9 '\a% .
slnceélradio >> klight’ the resolurlon of radlo telescopes is comparatlvely
poor. |
Techniques for Obtaining High Angular Resolution
1. Lunar occultations - O_ _____ O - =X
earth moon source
S - ':‘  S Ao'dependsvon source strcngth;
For strong sources 48 ~ 0.5".,
e ) ,riCiQééféoné ez“blc ;nformafﬂoa, but oqu £or °r313 number

of sourceé.' .
’2.’.Interplanetary»sciﬁtillations

Irrcgularities in the electrrn density of the solér‘cbroﬁa
(scale v 100 km) cause alvery émail source to flickervor‘scintillate. A
large source does not. Frosted glass éffect. Study of variation in
these scintillatioﬁs with distance from the sun can Oive information'.
about small-scale structure. Useful but rather qualitative.
3. Interferémetry' |

Trick which'uSGS‘two‘or more small antennas separated‘by a

distance r, called the "physical baseline." This glVCu same angular

resolution as a large telescope whose aperture covers the whole baseline.
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This is‘:he most péwerful method of achieving high resolutions and has -
made a major contribution to astronomy.

.‘, Types cf Interferometers

1. Cable link intefférbﬁéters o ‘-w'
Only praétiéal fof?f 513'km;
"[NRAO, Cambtidge, CaiTech, Malvern,*Parkeél
2. Radio link interféxometefs ,‘_ o o -: ' -
| rs 200 km. for larger r many repeater stations are nceded.
This méans c§mp1icated‘and ﬁpreliablé electronics.
,tJodreiltBank, ﬁRAO] |
.3._'Intérferometers without a physiéai'linkv
‘Signals }rom,eéeh anteﬁné‘arerecorded on ﬁape.and‘proccsged
at a later date. Cdmpletely independent réceivérs‘at,eachvantenna; Only
e recently possible due to development of accurate frgquency standaxrds.

V[NRAO, Canada] [CalTech, Jodrell Bank]
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 II. RESPONSE TO A POINT SOURCE
AssdmptionS‘f’v
o e i L 1. Point source at infinit:
B , /” : :RéélatIQQ’ wavele?gthrl_' . ¢+ 2. Monochromatic radiation,
iy s\\ S ./ 3. Unpolarized radiation.
s ~Oo /&4, Identical antennas.
AS // C T S © . 7 5, Equal path lengths from
N 7 R antennas to multiplier.
e ’ o N
2 r =3B A
: VY
> AMultipliers |-
: it ‘ ” : . Radiation travels extra distanc
— . AS to antenna 2. It thercfore
Low Pass ' arrives later by time £°:
| Filter ' " c
f - : ’ i» ) ) . . . VK.A

Output to recorder

~ Antennas give voltage out proportional to electric field at input. Therefére,

 voltages at multiplier inputs are

V, =V cos 2nft

1 01

1

i ‘ . V2 VO2 cos (Zuft + ¢) wheré b = %} (AS)

Output of multiplier is

M

i

Vlyz
= V01V02‘¢os (2%ft) cos (2ﬁft + ¢)
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Using simple trigonometry
R.M =<—-Vv.V co§v¢'+ 1, | ‘cos [2n(2f) + ¢]
v 2 0102 2 Ol 02

The 1ow pass fllter rejects the hlgher frequency term. o

Output of correlator

“ReV

Yo1V02 ©o8 ¢ -
" Now
Vo1Vo2 [elegtric fie}d.éf radiation 2
. ‘s
where S is the_flux density of the radiation receiyéd‘frdm_,v
the éource, -
Therefore, é
R« S cos ¢ :
2n
¢ =5 (AS)
= ZHB‘COS 0

IR =S cos [2nB cos 9]

-~

 (1)';

This is the fundamental equation of interferometry. (In praétical.inter-

- ferometers there is usually also a constant instrumental phase term which can

be calibrated out.)
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'»to_thg £lux'density of the source. |

If 8

_Now

K

”AsAthé'earth rotates the angle 6 chahgéS'and‘the output of our inter-
ferometer is a set of "interference fringes" whose amplitude is proportional

Depending on the pdsition'ofuthe:sourcé.in the sky, the output of an in-
terferometer will be positiﬁe or_negative. Thus the output‘ofvanvinterfetom-

eter can be visualized as a set of imaginary positive and negative lobes in

“the sky--the interferometer'polar diagram. AWe can think of this comb-like

structure as being fixed as shown in-Fig. 1. The sourcé passes through the
lobes as the earth rotates. ”It'is’important,to;realize'that the lobe structure:
of the interferometer is determined entirely by the physicalvbaseline and is

independent of the antennas. If the antennas are directional, their pointing

will not effect the position of the lobes but will effectively "illuminate"

different parts of the polar diagram.

‘One measure of the resolving power of an interferometer is the lobe

separation or fringe width. This is the angular separation of two adjacent

lobes in the fringe pattern.” From equation 1 it can be seen that a maximum

will occur for every value of 0 that satisfies the relation

-—

2B cos ® =2n 71 n=0,n=0,+1,+2, ...

1

and'e.2

are values of 6 which correspond to two adjacent minima

C2(nFl)m-2n W

[

21B (cos 0

l—cos 62)

2 01 + A8

. .
]



ﬂiwherélae is the fringe width -

‘  }¢0$101-cos 8, = cog(ﬁl—cos (e;+A§)

= 48 sin 8.

~ Therefore

46 = B sin 6 B o o (2).

Bp B sin 6 is the component of the physical basellne perpendlcular to

. the dlrectlon of thc source and it is callcd the "projected basellne of the

'1nterferometer. If B is expressed in wavelengtns then A6 will be in radians.

From equation 2 it is clear that the'projected‘baseliné and the fringe -

-

width vary with G,Iand the angular position of the radio source in the sky.

III. THE EFFECT OF FINITE BANDWIDTHS

So far the radiation has been assumed monochromatic. If the interferom-

. eter receives radiation over a band of frequencies, then the total response

is the sum of the responses due to the various components. If the voltage

galns in the two channels dcpend on frequency f, and are given by G (f)
and G (f), respect:vely, then the response of the 1nterfe10meter to an in-
finitesimal frequency band df is proportional to Gl szcos ¢ df.

Now

ZE (a8)

o
o

lt

2 £(a1) pooess A



Cc
inputs of the multlpllers.

where At—é§ is- the overall dlfferentlal tlme delay from the source to the'two

-

: Therefore, |

dR(f At) « G (f))fos (2anr) df .-

The total response of ‘the 1nterferometer is then
w . - o Sl

R(AT) « .f. G () 6,(E) cos (2nfAT) dE. (3)

-

If the receivers have fectangulaf”passbands of width Afo’ equation (3)

.reduces to

| sin (irAfoAr) e 1(
oy oo *“bz )
AR(AT) s waf bt (4)
- . -
[ &l R

The situation is analogous to the case of white light fringes in optics.

R is a maximum when 41 = 0 and all the various frequency components are in

phase. To maintain this condition; a compensating delay must be inserted in

‘one arm of the interferometer, and this must be continuously,édjusted as the

source moves through the sky. From equation (4) it is clear that the larger

the bandwidth Afo the more accurately the delay must be adjusted to'minimize‘

At and make R a maximum.

f\ - : R(bz}




RN ~ III. GEOMETRY OF THE BASELINE - UV ELLIPSES
~ North P01€ "-j’; x .‘?ff.zﬁ i'W,7 "v_Thevdirection of a radio source
S ST T ~ can be specified in astronomical
~ .’leo;sourcé , E 3 - coordinates by tWo_ang}es:

declination §
hour angle = H

Alternatively it can be described .
. by a unit vector § in the direction
of the source. :

v/
<

' s——-f’*’f//’ Equatorial

plane

.
We can resolve £ into components

- cos & cos H

"
]

n
it

cos 8§ sin H

sin §

m B
"

Noy the physical baseline'% is also a vector and can be resolved into

Bx’ By, Bz' “The angle between the direction of the source and the»diréction
of “the baseline is given by

cos 0 =

2o
R
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cos 6.- 3 (Bx c,o$ § cos H + Byvcos »6 sin H + Bz‘sm & | ‘ )

-

- of more interest, however, is the projected baseline By since this‘de~r
termines the angular resolution of our interfcrométer.’_Bp»is the baseline .
as seen from the source and is in the plane perpendicular to i.' Although

B_ changes with hour angle, it can at an instant be resolved into a north-
p ges v g 1 at any , in
south component "v" énd an east-west component "u" (note that Bp,is,only_Z— :

dimensional and has no_compoﬁent in the direction of the source);j The re- -
lation of u and v to B By’ a'nd‘BZ is shown in Fig: 2.

By inspection it follows that

g .
"

B_ cos H - B_ sin H . o B
y - X ; : . _ ,

(6)

<
1

B cos 8§ -B sin 6 cos H - B sin § sin I’
z o X o y : B :

It can easily be verified that

_ o 9

| u2' v - vo) o
v
a’ b

vhere

<
!
=
N
0
o
wn
(o]
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v,fThis is the equatlon for an elllpse where a is the seml-maJor ax1s, b is the

".Semi-mlnor ax;s.' The elllpse is centered at the p01nt 0, v ) and has ec-

s

 eentticity cos 8. ) o :5'-57'_
Thos ae the‘hour‘angle'of_theisource'cﬁaoges the tip ofvthe projected’

baseline vector describes an_elliéée. An observer at the source looklng at’
~our 1nterferometer would see one telescope appear to descrlbe an elllpse about
'the other due to the rotatlon of the earth. Note that ‘this elllpse depends

on both the declination of-the‘source andoon.the<parometers of the baseline.
For sources at the equator (§ = O)Athebeilipse oegeoeretes to a straight line
" and for sources at the pole (6 = w/2);the eliipeebbccomesva circle. The
"resolution ellipse" or the "u-v:ellipse" is very important in deriving tﬁe

© structure of extended raoio sources from_obecrvations with a tracking inter-

- ferometer.

| V. RESPO \SE TO AN EXTENDED SOU

Weﬂarevnow fully equipped to examine the response of our interferom-
eter-to an extended source of’radiation. We still assuﬁe that this source
is quasi-monochromatic, unpolatizeo; and:that it ie much smaller than the
‘primary beam patternfof the antenna. Such an exteodod source ean be imagined
to consist of a very large number of infinitesimal point sources, eech having
an hout angle H and a dcclination D;. Letrthevbrightness centroid of the source
haﬁétan hour angle H and a declination D . Since hour engle.and decltﬁationi
are not orthogenal coordihétes, it is convenient to define a Cartesian co-

ordinate system, x, y whose origin is at the brightnecss centroid by
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dxml,(x,y_)j |

‘vx é.gic?$.5 -'H°.c°§ §, = (H-H)) cos §

- and .
y=6-‘:60‘¢
X and y are. now orthogonal and ths w111 greatly 51mp11fy our problem.
Suppooe ‘that an 1nf1n1te51nal element of area dxdy at the point (x,y)
on the source contrlbutes a brloHLness of 1nLen31ty I(x,y)dxdy. Treatlng it

© as ‘a point ‘source. and u31ng,equatlon (1), we can»wrlte down the response

. of our interferometer to this element as.

dR « I(x;y) cos (2B cos‘0) dxdy. ' E ()

We can use a Taylor series to expand cos 8 about the centroid.

1

o | a2 s |
cos 0 lcos 80 b e (cos 6) x + y_(cqs 0) y

3

i

5 1

CQS 0o + cos SH

(cos 0)] x + [ (co 8)] y(
'Using equatiohs (5) and (6) (the eXpressions we derived in celestial coor-
dinates for cos 6, and the effective baseline components u and v), this im~

mediately simplifies to

- N

\

cos 0 = cos o+ (u/B)x + (v/B) y. | (8)

Combining cquations (7) and (8), wve have

A
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‘ 'dR}(u,v)‘oc I(x,y) cos [27B cos e‘o + 2m (uxtvy) ldxdy.

" . If we expand this 'e'xp»ression and put ¢o= 21&13 cos 06 (the -:phaééx.-<.b<term due
to a point source at the brightness centroid), we obtain o I

dR(u,v) = I(x,y) {cos ‘[Zn'(ux-!ny)]-cos ¢° - si"n [27 (ux+vy) ] sin“cbo} - dxdy. :
By integrating we can immediately find the response to an exténded source
‘as | S
va- < cos «éa; = I(x,y) cbs_[27r:(ux+vy)] dxdy
R
~ sin <;,d I(x,y) sin [2u ('u‘X‘l'Vy)] dxdy.
T -
This can be”writ‘tcn'as :
R «S[C(u,v) cos ¢ - 8u,v) sin ¢ ] @)
where : v
o 0 ‘
S = f? I(x,y)dxdy is the flux density of (10.)‘
_jj ’ - the source. ’
(11)

| r |
Cu,v) = %Jf‘ 1(x,y) cos [2n(uxtvy)] dxdy

-00 .
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.S(u,v) %‘ : ,i(x,y) sinj[2n(ux+v;)]‘dxdy . _i @2y

alil

C(u,v) and S(u,v) are\the normallzed cosine and sine Fourler transforms

of the source brightness distribution.'»We can write equation (9) in an al-

‘ternative form

RG,v) « v@vSeos Fow) | a3
where | ‘ ‘ .
y(u v = Pew + et a4
and
Cdu,v) = 2uB 0 + t '[“"(" "A)’l 155'
ot u,v v-—‘ nb cos 6 ‘an LC(u V) | Re)

¢, + ¢ (u,v) .

h

. . - A A 'ﬁ;A i N
! : ) . (A -y ) .
Cb { u, g ) \4 (f\ _’4 ‘ L v smeyr b\/d.g«?./»‘ ‘}K ‘V.\ P ;—el /‘LV\ (& -Tl U', ¢ /:!/{:? : L'f &\C\"n (& ).,56“ r‘.‘{ P e (j"v\‘ oo f

it

)]

y -
N~ A.« (‘A“ ) (G2 T S ~

Now y(u,v) and ¢ (u,v) are the amplitude and phase of the "complex visibility

- function."  This is defined by

IR %¥<x,y> y(u,v)e 60,v) (16)

Y

vhere I(x,y) is the complex Fourier transform of the source brightness dis-

tribution I(x,y).
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" Therefore we can write the output of our interferometer as the

160 (u,v);

R(u,v) « Re[fzﬁlv)e

oas

L Tﬁié is a»séﬁ-ofvsinﬁsoiﬁai.fringesbwhich are similar to.thése‘tha; would
béYObserved from a point soﬁrcevlqééted,at the'brightness centroidvbut modu~
,lated_iﬁ amplitude aﬁd-phése bylthe visibili£y functioﬁ,of the soﬁrce.g If
- both yfana ¢ are’detérminedeor'allfvalués of u and v,zinverse Fourierltrans-
forméﬁion enableé,thé‘brightné;s distribution OQVEhé source to be determined
'uniéuely'(synthésis). However, we have écen that.for a fixed physicél base-
~line the_rdtation‘éf the earth givesvrise £o_only a limited raﬁge of‘effectivé

baselines. In the»ﬁ-Q ?lane these correspond'tb tﬁe’rQSOlutipulellipse 6f
‘the source., For lohg baseiines the absolute‘measurément bﬁ phaée'ié.difficult
~and there is u_sually no.ix;formatibn vabom‘xt d(u,v). 4Unde'ﬁ thcée cir-rcumst‘ance‘s
it ié usual to pfopose a mgigi for the sourcevstructure; Thgvassumed I(x,y)
is thcn.‘lused to 'der-iv.e Y's for the projected baselines that are observed. Thqse
éredicted y's are then compared with the observed Y's.- .
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