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" I. GALACTIC ROTATION ~

The earliest evidence:ebouﬁ the structureeef our galaxy (the Milky Way

RIS N

 system) comes ffom‘Shapley's work on giobulat clusters. This indicated that
these objects were spherically dlstrlbuted in space and that the sun was

at the edge of this system. ' It was also found that these objects have ve1001t1es
of the order of 250 km/s. If this" system is at rest with the galaxy as a

whole it implies that the sun rotates_about the center of the galaxy, with a
velocity of  250-300 km/s. Further, igncring certain classes most stars showed
a velocity variation of #+30 km/s about the‘suh. This implles that these

stars share. the sun's motion about the galact1c center.

- "We consider a flat disk stellar system in circular rotation about an

axis. The mass of the system is centrally concentrated. Stars will travel

in almost Keplerian orbits about_the_galectic center. This form of motion

where the velocity increases with'decreasing radius is known as differential
galactlc rotation and implies the presence of shear forces.

" Let us erect a coordinate system at the sun w1th the -y axis in the
direction of the galactic center and the +x axis 1n_the direction of the sun's
‘motion. TFor differential rotation we. expect more rapid circular velocities
for -90<2<90 and less rapid circular velocities for 90<2<270. At 2=0, 90,
180,270 we see ﬁo radial motion. Thus the expected plot of radial velocities
would be Vr « sin 22. Tangential velocities or proper motion will also occur

due to differential motion of stars at different distances from the galactxc

center.
r = radius of some point in the galaxy
R = radius of the local standard of rest (LSR)
© = linear rotation velocity at r
6, = linear rotation velocity of the LSR
w = 0/r = angular velocity at r about galactic center
w, = OO/R°‘= angular velocity of the LSR about galactic center
d = distance from the sun to some point at radius r from galactic center
VR = observed radial velocity relative to the sun
VT = observed tangential velocity relative to the sun
Qui
V. =0cosa-0_ sin ¢
R o
By the sine law
R osin & . sin (90 + @) _ cos o
e r R R
° :
. by substitution. The radial component
CTR : (1) Vp =R (0-w) sin ¢

This is true only if‘particles move in circular orbits about the galactic center.
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- The tangential or transverse component L

. Y =o0sina-0 cos &

.  By cdnvehtion, VT-> vaor ihcréasing lgngituae;

et

r sin q‘=‘Ro cos 2‘— d-
_'or :
‘2, (2) VT = Ro (w - mo) cos R - wd

In the region 90 < 2 < 180 if we hold & constant w < @6 and the difference
increases as we increase r. For the region 0 < 2 < 90 we first encounter regions
of small r and large w which reaches a maximum when r is normal to the line of
sight (rmin = R0 sin ¢ and. d = Ro cos 2)a% r » Ro W and Ve ~ 0 and when

r >R w<w and V_ < 0
o (] R

A r <Re 0s2¢90

Ve

a0 L € 180

In many cases observations are restricted to the region near the sun and we may

" simplify our formulae. To a first order

° 7% - ( dw
dr
r -vRo °
dw _ 1 d0_9©
dr r dr r?2
0 .
g do (o) .
Thus VR = (r - Ro)[dr)' R0 - -i-; sin 2
In the case where d << R_
R - r 2 d cos 2
o .
wmwx
% 1

‘ . do Vl ; 1
. - - av - 2 9%
or ‘ _ : .VR = = ( dri) R0 2 sin ,
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. fWé,define the first Qf qut's,cohstants~b

_° _

R
o

(

a0
_o

.dr.

)'RO

and therefore,

O

'fVR =Ad sin 2 2

With regard to the tténsverse component (Eq. 2)

r - R

— l} -

[o]

By use of a Taylor Expansion

wd = dv

v

If d < < Ro then (r - RO)KV'— d cos %

. : - duy 2
andi wd > mod (dr) d4 cos 2

and to a first order ad

or

which may be rewritten

| o 1
I

wod for material near the sun,

d
d

v
0
r) Ro

_— - (___

eo
d? cos?9- — d
(e
. 4 cos 22 -

We define the second of Oort's constants

(5) B

NI

.‘sanm@k
CCII
dr’ "o R
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]

o + @R @ -R) 4.,
o} dr o o

Thué

(6)  VT % d (A cbs 29 + B)

@

o)
R +
[o]

L e

- This equation is valid ONLY if d << R0 and circular motion pertains.
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dr

o
) R



- From our definitions of A and B |

e

(7) i'—='wo=AnB

o
epy g 40 e emy e g 1 dw
(8)‘.( )R——(A+B) or (8) A=-3 R P

Obsefvational ﬁroof of equation'4 was obtained from Cepheid variables in the
late 1930's. o ' ' ‘ |

We wish to determine w(r) but we can only readily observe \Y (2)
Thus if we can determlne A, B, and R we may use equation 1 to establlsh w(r).

Determlnatlon of A

(1) "Measure V for stars near the sun for which d 1s known (V d A sin 2 2).

(2) From the study of proper motlons as a functlon of longltude;
l

(3), From the definition A = - 5 R (dr)R

Methbqﬁ (1) and (2) are clearly better than (3)
=.15'km/slkpc _— (known - 10%).

Determination of B

(1) From the study of proper motion . »
(2) From other dynamical considerations yielding the fafio'—B/A.

B is ihherently more difficult to determine than A
B=- 10 km/s|kpc (known. & 20%),

Determination of Ro

(1) Directly obtained from variable stars about the galactic center.
(2)  Measurement of the product AR . o ‘ ‘
At any longltude w is maximum when r is minimum. Thus occurs r = Ro sin 2

" Hence..V =2 AR (1 - sin 2) sin 2.
max o

N (3) Objects with VR=0 must be at distance,Ro from galactic center.

At r -R , d = 2R cos L+ Thus knowing d and 2 yields Ré.
Methods (1) and (2) yield R0=10 kpc (known < 10%).

Determination of OO

(1) Velocity measured relative to extrégalactic systems;_eo'”.250 km/s from
‘the  latest publication. o
(2)"Velocity.measured relative to globular cluster subsystem, O ~ 200 km/s.
- ~(As this subsystem probably relates we may . say Go Z 200 km/s.)
(3) From consideration of the escape velocity. _
| (Clearly stars with enough energy will escape from the solar neighborhood
of the galaxy. Relative to the LSR Vescz =12 + (Oo + 0%)2 + 22
- where 1 = radial component, Z = component normal to galactic plane,
0 = component,normal to 1, yields 955275 + 26 kﬁ/S,<depends on Validify
of assumptions, particularly about mass gradients).
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(4) (A—B)R . @ = 250 km/s aﬁd,eolar period = 2.45 x 108 yrs.
. 0 o - SRR : ' '

We mey use these values andiquation 1 tb determine‘w(r) orve(r)' Radio studies of
the neutral hydrogen spectral line at A= 21 cm allow an investigation of the total

'galaxy to be made; obscuration is not a problem for long wavelengths.

The following table is indicative of galactic rotation. ‘.
r kpc ;f;,‘...‘,tﬁe(r).,km/s:,.., , R, = 10 kpc
032 22 |
0.67 L 265
3.53 B S 206.4
6.18 o | 239.6
7.74 ) . 248.5
- 8.01 . - 252.2

10.00 . ' _ 250.0

The most secure points of the observed rotation are determined from the point of
maximum velOcity which comes from Toin - Ro sin 2. At cereain longitudes the line
of sight is tangent to a spiral arm and the signal is a maximum at rmin' These
longitudes are about 53.°4, 5C.°9, 38.°4 and 20.°9. For r > R there will be no

maximum Vr and thus w(r) can not be determined and we must rely on stellar studies.

r kpe ' :  0(xr) km/s
1 2
12 | 236

13 o 227

The radio technique assumes circular motion to derive 0(r). We therefore expect
"circular symmetry in the velocity field. The latest studies do not show this. No

fully accepted explanation has been brought forth.

II. THE DISTRIBUTION OF MASS IN THE GALAXY

" In a-spherical system with uniform deneity the force per unit mass outside some
radius r '

4
Fo=-3 7 GpR'

This must be‘equivalent to the central force on the orbit

W?R = % 1 GpR
, 37
or . ‘ o
Iw _ - N
3R~ 0 A Q'
Thusr :
B=w or B= ( %;ﬂpG)l/ZQ_

Hence for this system there is ﬁg.differential rotation.

'If all the mass is eehtrally concentrated the force per unit mass
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WR= g2
o1 do _ 1/2 _-3/2 3
A= 2 R dR (GM) 7 ©
- =3 1
A B=w or A= 4 w and B 4 W e
Near the sun A = Q-% B.

While the "solid body" rotation A = 0 and for a Keplerian system A = - 3B.
Thus for-the Milky Way the mass is distributed between these extremes. The
sun is far from the center, there must be a large density gradient towards the

center and a significant fraction of the mass is distributed over the total galaxy.

III. SPIRAL STRUCTURE OF THE GALAXY

It became clar that northern.and southern observatlons d1d not demonstrate

the expected c1rcular symmetry. The flrst explanation 1nvolved radlal motions of

~the gas in the plane of the galaxy.

A Russian model of the’ ‘galaxy was proposed in 1964 (Kardashev, N.S.

,1021nskaya, T.A., and Sleptsova, N.F., (1965), Soviet A.T., 8, 479 ) which made .
~use of the idea of expansion to derive a picture of the spiral structure of the

Milky Way. The information used: . -

(1) Galactic spectral observations at 21 cm.

(Z)J.Thermal sp1ra1 arms from radio observations

(é) Clustering of radio sources as indicators of spiral arms

(4) Non-thermal emission as indicative of spiral arm structure
_ (5) Optical photometry of the galaxy. v
Spiral features are identified with 1nten51ty maxima on 21 cm spectra. A pioc of
the veloc1ty—long1tude distribution of these maxima gives 1nformat10n about the
distributicn of the arms. The information froﬁ the center is confused by expansion,
However, there appears to be arms whose tangential points are seen at & = 35°,
55?, 328°, 310-320°, 300-290°. The other non-spectral 1nformation may be used to

gain information. All the data appears to give tangential points at & = 145 255

'35°, 50°, 346°, 338°, 329°, 310°, 286°.

Assume a double branched logarithmic spiral structure
" R=A ew COS'd"

The tangents to the line of sight give a torsion angle a = 84°. We assume that

o is constant over the galaxy. We wish to determine the rotation law. We assume -

the observed radial velocity has two components (a) circular and (b) radial, where

this term is ¢ (R) -%,' 33 .

“Then in the galactic plane (b = 0)
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Fi1c. 11. The spiral pattern of the Galaxy as defined by “steps” in the longitude distribution
of the disk component. The directions of the steps are indicated by the lines radiating from
the solar position. \When the line is dotted. the step is not very pronounced. The directions
of the two pronounced maxima in Cygnus and Vela are also shown by dotted lines.
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Fig. 3.——Comparison of the galactic longitudes along the galactic plane at which concentra-
tions of neutral hydrogen are expected from H-line studies (top) to those whero concentra-
tions of ionized hydrogen are predicted. from the present analysis of the thermal disk
component (centre). " At the bottom are shown the longitudes. at which the discrete sources’

tend. to cluster (Kig. 4).
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VR TR e®u ] sin & - By [e(®) - gg] cos & 4 ed

where d: is the distance from the sun to the: object observed. w(R)zand e(R) mayi

~ be _expanded as a power series in (R - R ) and the constants solved for by use of

the observations. The resulting curve only shows the effects of the expansion
term for R < 3 kpc and R > 15 kpc (u51ng a distance scale which places the sun

~8 kpc . from the galactic center). These authors thus claim that spiral

,structure and circular motlon over most of the galaxy are the norm,

.Let us do the inverse and 1nvest1gate the angle of torsion o for the galaxy;

we assume circular motion. We are 1ooking for a structure of the form
v R A
1n R = In RO + ¢ cos o -

We may plot thé distribution of ln'g- against ¥ employing our rotation law to

~determine R for every p01nt observed° The information shows a variation from

a = 83° in the inner region to o = 85° in the outer. There is a little
amblgulty about some of the outer arms. The value of~% on this distance scale
gives the distance to the nearest outer arm as 800 pc while that of the inner is

900 pc. Criticism.may be made about some of the observations on which this model

s based and it shows a very strange structure in the solar neighborhood.
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Some Notes on Galactic dynamics

From akcénsideration.of the velocity residuals about the solar moticﬁ
we can distinguish two extreme stellar groups; one confined to the disc of
the Galaxy and executing circular motion about the céntre, the second showing
an extremely large dispersion in its Z velocity component and a small 6
velocity component. This second group clearly follows very eccentric orbits
about the Galactic centre and does not participate significantly in the

differential Galactic rotatlcﬂ. It may be described as the halo population

of the Galaxy. Spectroscoplcally it is found that these stars have a very

low metal content relative to the sun. This implies that these are amongst
the oldest objects in the Galaxy. Assume that initially there is a large
contracting cloud of gas. Scme stars and globular clusters fori very early

in the life of this system. These objects will have radial trajectories

and highly eccentric orbits and, as they form out of the primeval Galactic

material, they will have a low metal content. The gas continues to collapse
losing energy through collisions and radiation and ultimately forms a disc-

like structure. The newest stars are formed here from this metal enriched

medium.,

Very crudely, from conservation principles

T 4+ =T + 0
7o) o P ol

‘_wherevTo, Qo'are the initial kinetic and potential energies of the system;

T and 2 are the present values of these terms.

If the virial theorem is satisfied

lr : -
| p T %

and initially as the cloud is at rest ‘

T =0

o

Thus | _ - QP': 290 |
If Q=!/R where R is some characteristic radius then

S 3

This must be a crude examination for we have not con31dered the
effects of spiral structure, magnetic fields or of the large, mass;ve,
central, nuclear bulge.

Let us now consmder matter in the plane of the Galaxy perpendlcular
to the axis of rotation. We may treat the medium as an incompressible fluid -
e.g. div(y) = 0. We erect a coordinate system with the sun at the origin

and consider a star at a poiht (P), a distance (d) from the sun.

YA
v . de have two veloc1ty
//; > W ' o S componen~s
d L. ' : ' - u = ulx,y)
| v n e : _ e
. Ny ﬁi | ,,. o o | ' vv:’.‘ v(x,y)
0 * _ _ .

p—



: . du 3y Lo !
LAY S e=dr o+ = dy
4 9% 3y Y
':u ‘ N
= ég; cos Lo+ d- sin %
‘Similarly Av = G- cos & + d- sin 2
o . oX ay i
The radial velocity of (P) relative to the sun
Vf = AU cos &+ Av 2 S |
. o Sy . Ju . av, -
= x{coz % == + sin“g wm) + y(co 5 28 4 sin 2 2%y
B X 3y .oy’
‘ ; . ' Ju . Iv P . ov .3y
or .V, = dlcos?R == + smn2£;~ + %51n 28— + 5=)
_ ‘ r ax oy ~ dx 3y
"’. . . . . ‘."L *_“‘" au )
We choose our axes so thatat he sun (x =0, y =0), I = 0, then from
. - Finui v T :
the equation of continuity oy = 0. Hence
= EA
VvV = d.l.s rxzn ( + =)
r sy
We define the Ffirst of Cort's constants
' dv du
- A= S
2(&( + ,35’)
eTe V_ = dA sin2g
Ve examine the transverse velocity compenent
Vo ® 4v cos L~ Au sin 2
v o du, dv du
= x(cosk Evodis sinf =) 4 y(coui-n— ~ si nﬁ-~}
R 9x 3y 3y
Pt
~ Vs ¥
oV . dU
= d{cos?l wn ~ sinZe
9% ) 3y
ERSRET . - .. . du dy
for by the equation of continuity terms in —— .nd-gj are zero,
. et : " ¥ ,
This equation may be re-written
' ~ ~
v du, @
{("’"“' + "‘"“"‘)CO.: 2£ "é*;:' - ’g—'] -5-

3

We der*ne the second of Oortfs constants

- aV QIu
-, B =3 3% Gy
Thus . VT = a(A cos 2% + B)

et us now consider the angular velocity of the -aystem as observed
from the sun. We erect our cbordinate system with the x-axis in the direction
of the Galactic centre and consider a star near to the sun at p01nt (ﬁ)

The sun is at the orlgxn of this system.

y 4 Va \( 3]
e ‘ e ey o w CGoar. Cre.
jot e e o R" o e e s ot et e 2o w--?é




~and -

- ‘3'~-
. Remembering that tep = w(P),R‘
we may say | :
U‘z W(P)oy » ‘

Thus for very. small dlatauCEQ, u= m(R J.y
for o ’ w(P) = m{
- where the angular velocity,m(Rb} is tnat of the sun .
‘ ' T E N uy
v .w(*)(R ) w(Ro).RO

The distances ‘ron the Galactlc centre to (P)

~1

. = h2d o 2 2‘{ -~ n —
Rp | \(.\o X) ‘9‘ A (I\o X) .

This is only true,of course, for points near the sun. Thus

—an - ) - - A .
V *&'\‘go X{y(RO X) W(RO)QRO

By expanding in a Tayior series we can show

x.iz”
4R

From our definiticns

Rt
~ e
W

now

dw

d“)

x
"
e
N
{
1
>
L
£

AT S ..1/
m(RO) PR

Therefore we may conclude that at the sun

]

- .
t

[es

S w(R
(‘o)
and , }
' AW, - 2A
o N C) s - 20
R o

(o]

V~y the latest analyoes of the dvallaﬁle data

A= 75}’n.uec 1<‘)C

. -1
B = -1l0km.sec “kpe

~1,

Therefore - w(R ) = 25km.sec “Kkpc -
P -

3w, " -1 . =2
3 ,=,~ekm.se¢ pke

le may draw two immediate conclusions:

(a) the fact that x(R) is positis inllCS that the ojotem rotates

in the direction of decreasi g longitude,

and - (b) _as;&JaR'is.negative the absolute value of w{R) decreases with

lnowna:lng radial distance from the Gal c centpe,

M(R) n§.- #)s{Ro f #) - w(go)sgo
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Hence, for that material partaking in differential Ga astic rotatiun the
inner parts of the Galaxy will-complete their. orbits in shorter perlwds.
The medium for which this is true is confined clesely tc the Galactic (!
plane. By uce of meterial near the sun we can establishig (R o) and RO.' :
We can then use the general expression for the cbserved radial velocity
of material in the Galactic plane
v_ = R_jw(R) - w{R ) sin ¢
T o}
to establish the rot

aticn law w(R) for

the ualaXJ.
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