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I. GALACTIC ROTATION

The earliest evidence about the structure of our galaxy (the Milky Way

system) comes from Shapley's work on globular clusters. This indicated that

these objects were spherically distributed in space and that the sun was

at the edge of this system. It was also found that these objects have velocities

of the order of 250 km/s. If this system is at rest with the galaxy as a

whole it implies that the sun rotates about the center of the galaxy, with a

velocity of 250-300 km/s. Further, ignoring certain classes most stars showed

a velocity variation of ±30 km/s about the sun. This implies that these

stars share the sun's motion about the galactic center.

We consider a flat disk stellar system in circular rotation about an.

axis. The mass of the system is centrally concentrated. Stars will travel

in almost Keplerian orbits about the galactic center. This form of motion

where the velocity increases with decreasing radius is known as differential

galactic rotation and implies the presence of shear forces.

Let us erect a coordinate system at the sun with the -y axis in the

direction of the galactic center and the +x axis in.the direction of the sun's

motion. For differential rotation we expect more rapid circular velocities

for -90<2<90 and less rapid circular velocities for 90<,<270. At ,=0, 90,

180,270 we see no radial motion. Thus the expected plot of radial velocities

would be V sin 2Z. Tangential velocities or proper motion will also occur
r

due to differential motion of stars at different distances from the galacti

center.

r = radius of some point in the galaxy

o = linear rotation velocity of the LSR

= O/r = angular velocity at r about galactic center

S= o/R = angular velocity of the LSR about galactic center
o o0o

d = distance from the sun to some point at radius r from galactic center

R = observed radial velocity relative to the sun

VT = observed tangential velocity relative to the sun

V = 0 cos a - 0 sin Q
R o

By the sine law

0 sin. = sin (90 + a) cos a
r R R

by substitution. The radial component

CT (1) VR = R (w - -o) sin -

This is true only if particles move in circular orbits about the galactic center.



'.

2

The tangential or transverse component

By convention,

SO/

VT > 0

V = 0 sin ac- 0 cos i
T o

for increasing longitude.

Os 0 r sin a= R cos - d

or

S(2) VT= R (w - w) cos - wdT O O

In the region 90 < a < 180 if we hold Z constant w < w and the difference
S -.

increases as we increase r. For the region 0 < £ < 90 we first encounter regions

of small r and large t which reaches a maximum when r is normal to the line of

sight (rmin =R sin e and d= R cos £)as r + R w - w and V, 0 and when
mn o o .o o R

r >R w < w and V < 0
o o R

Sr ' qh o .-\ . . . ,
. '

r7o

40o 1160

In many cases observations are restricted to the region near the sun and we may

simplify our formulae. To a first order

to- u-
0

r- R0

de
(dr

o

.do 1 dO 0
dr r dr r2

V = (r -
R o

In the case where d << R

R - r Z d cos Z
0

-p
. IO dO 4 1 .
V - (4 ) R l sin 2

R RO dr o 2

or-

Thus

F



We define the first of Oort's constants

. d

(3) A ) R
2. R dr o

and therefore,

(4) VR= Ad sin 2

This equation is valid ONLY if d << R and circular motion pertains.
o

With regard to the transverse component (Eq. 2)

r-R F V
o dO o

a,' o R dr o R •
So1

By use of a Taylor Expansion

wd = d [w+ ( R (r-R ) + ..

If d < < R then (r- R ),- - d cos k
0 0

and cwd > cd - (dr) d2-cos l
o dr

and to a first order od = c d for material near the sun)

. .

VT it - dO d2 cos2- 3 d
o0 o

which may be rewritten

V R - cos 2 - R dr o
T 2 R dr oj . o

We define the second of Oort's constants

(5) BE- + (-(d R
Th R. r o

Thus

(6) VT d (A cos 2£ +-B)



From our definitions of.A and B

(7) ° o = A B

(8) dO 1 d
(8) )R (A + B) or (8a) A= - (R -R)

dr o 2 dR R

Observational proof of equation 4 was obtained from Cepheid variables in the

late 1930's.

We wish to determine w(r) but we can only readily observe VR().

Thus if we can determine A, B, and R we may use equation 1 to establish w(r).
0

Determination of A

(1) Measure V for stars near the sun for which d is known (VR d A sin 2 £).R R
(2) From the study of proper motions as a function of longitude.

I dw
(3) From the definition A = _ 21 Ro(dR

Method s (1) and (2) are clearly better than (3)

A = 15 km/slkpc . (known 10%).

Determination of B

(1) From the study of proper motion.

(2) From other dynamical considerations yielding the ratio -B/A

B is inherently more difficult to determine than A

B = - 10 km/s jkpc (known z 20%).

Determination of R
0

(1) Directly obtained from variable stars about the galactic center.

(2) Measurement of the product ARo

At any longitude is maximum when r is minimum. Thus occurs r = R sin a

Hence Vf= 2 AR (1 - sin ) sin .
max o

(3) Objects with VR=0 must be at distance Ro from galactic center.

At r -R, d = 2 R cos tx Thus knowing d and i yields R.
()OecswtVR0 0utb tdsac rmglci etr

Methods (1) and (2) yield R =10 kpc (known- 10%).
o

Determination of 0
0

(1) Velocity measured relative to extragalactic systems, .0 ~ 250 km/s from

the latest publication.

(2) Velocity measured relative to globular cluster subsystem, 0 -200 km/s.

(As this subsystem probably relates we may say 0 - 200 km/s.)

(3) From consideration of the escape velocity.

(Clearly stars with enough energy will escape from the solar neighborhood

of the galaxy. Relative to the LSR Ves c 2 = 2  o + )2 +
esc o

where H = radial, component, Z = component normal to galactic plane,

0 = component normal to I, yields 0 = 276 ± 26 km/s, depends on validity

of assumptions, particularly about mass gradients).
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(4) O = (A-B)R 0 0 = 250 km/s and solar period = 2.45 x 10 yrs.

We may use these values and equation 1 to determine w(r) or 0(r). Radio studies of

the neutral hydrogen spectral line at X= 21 cm allow an investigation of the total

galaxy to be made; obscuration is not a problem for long wavelengths.

The following table is indicative of galactic rotation.

o (r) km/s R = 10 kpc
O

220

265

206.4

239.6

248.5

252.2

250.0

The most secure points of the observed rotation are determined from the point of

maximum velocity which comes from r. = R sin P. At certain longitudes the line
min o

of sight is tangent to a spiral arm and the signal is a maximum at rm .. These
min

longitudes are about 53.04, 50.°9, 38.04 and 20.9. For r > R there will be no

maximum V and thus w(r) can not be determined and we must rely on stellar studies.
r

r kpc

11

12

13

0(r) km/s

244

236

227

The radio technique assumes circular motion to derive 0(r). We therefore expect

circular symmetry in the velocity field. The latest studies do not show this. No

fully accepted explanation has been brought forth.

II. THE DISTRIBUTION OF MASS IN THE GALAXY

In a spherical system with uniform density the force per unit mass outside some

radius r

F -- GpR.r 3

This must be equivalent to the central force on the orbit

m2R = v. GpR

or

BR.
A = 0.

Thus

B=w or B=
4 3 1/2( - pG)3

Hence for this system there is NO differential rotation.

If all the mass is centrally concentrated the force per unit mass

r kpc

0.32

0.67

3.53

6.18

7.74

8.01

10.00

I~---- -~ -s-- .- -- - - - - ------

- - .



and

GM
R=

1 dw _ 3 1/2 -3/2 3

A-=- 1 - (GM)
1  

R =- A
f 2 RdR- 4 4

3 1
A-B=w or A= -w and B=-w

3Near the sun A = -- B.

While the "solid body" rotation A = 0 and for a Keplerian system A = - 3B.

Thus for' the Milky Way the mass is distributed between these extremes. The

sun is far from the center, there must be a large density gradient towards the

center and a significant fraction of the mass is distributed over the total galaxy.

III. SPIRAL STRUCTURE OF THE GALAXY

It became clar that northern.and southern observations did not demonstrate

the expected circular symmetry. The first explanation involved radial motions of

the gas in the plane of the galaxy.

A Russian model of the'galaxy was proposed in 1964 (Kardashev, N.S.,

Lozinskaya, T.A., and Sleptsova, N.F., (1965), Soviet A.T., 8, 479 ) which made

use of the idea of expansion to derive a picture of the spiral structure of the

Milky Way. The information used:

(1) Galactic spectral observations at 21 cm.

(2) Thermal "spiral arms" from radio observations

(3) Clustering of radio sources as indicators of spiral arms

(4) Non-thermal emission as indicative of spiral arm structure

(5) Optical photometry of the galaxy.

Spiral features are identified with intensity maxima on 21 cm spectra. A plot of

the velocity-longitude distribution of these maxima gives information about the

distribution of the arms. The information from the center is confused by expansion

However, there appears to be arms whose tangential points are seen at Z = 35 °0

550, 3280, 310-320 ° , 300-2900. The other non-spectral information may be used to

gain information. All the data appears to give tangential points at k = 14; 25°

350, 500, 3460, 3380, 3290, 3100, 2860

Assume a double branched logarithmic spiral structure

R = A et cos a

The tangents to the line of sight give a torsion angle a = 840. We assume that

a is constant over the galaxy. We wish to determine the rotation law. We assume

the observed radial velocity has two components (a) circular and (b) radial, where
1 dR

this term is (R) = - x
R tdt

Then in the galactic plane (b = 0)
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LONGITUDE
FIc. 9. The longitude distribution of the disk component after subtracting the recognizable
sources and the coronal and extragalactic components.

NO. 79 MILLS 441

FIG. 11. The spiral pattern of the Galaxy as defined by "steps" in the longitude distribution
of the disk component. The directions of the steps are indicated by the lines radiating from
the solar position. When the line is dotted, the step is not very pronounced. The directions
of the two pronounced maxima in Cygnus and Vela are also shown by dotted lines.
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V = R [w(R)-w sin a - R [E(R) - e i cos Z + edR o o o o

where d. is the distance. from the sun to theobject observed. w(R) and E(R) may

be.expanded as a power series in (R - R ) and the constants solved for by use of
0

.the observations. The resulting curve only shows the effects of the expansion

term for R < 3 kpc and R > 15 kpc (using a distance scale which places the sun

"8 kpc from the galactic center). These authors thus claim that spiral

structure and circular motion over most of the galaxy are the norm,

Let us do the inverse and investigate the angle of torsion at for the galaxy;

we assume circular motion. We are looking for a structure of the form

R A
In - In - + cos a *R R

o o

We may plot the distribution of In ~ against i employing our rotation law to

determine R for every point observed? The information shows a variation from

a = 830 in the inner region to a = 85° in the outer. There is a little
A

ambiguity about some of the outer arms. The value of - on this distance scale

gives the distance to the nearest outer arm as 800 pc wile that of the inner is

900 pc. Criticism.may be made about some of the observations on which this model

is based and it shows a very strange structure in the solar neighborhood,
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Some Notes on Galactic dynamics

From a consideration of the velocity residuals about the solar motion

we can distinguish two extreme stellar groups; one confined to the disc of

the Galaxy and executing circular motion about the centre, the second showing

an extremely large dispersion in its Z velocity component and a small 0

velocity component. This second group clearly follows very eccentric orbits

about the Galactic centre and does not participate significantly in the

differential Galactic rotation. It may be described as the halo population

of the Galaxy. Spectroscopically it is found that these stars have a very

low metal content relative to the sun. This implies that these are amongst

the oldest objects in the Galaxy. Assume that initially there is a large

contracting cloud of gas. Some stars and globular clusters form very early

in the life of this system. These objects will have radial trajectories

and highly eccentric orbits and, as they form out of the primeval Galactic

material, they will have a low metal content. The gas continues to collapse

losing energy through collisions and radiation and ultimately forms a disc-

like structure. The newest stars are formed here from this metal enriched

medium.

Very crudely, from conservation principles

ST + : T +
So p p

where T , n are the initial kinetic and potential energies of the system;
.0 0

T and 9 are the present values of these terms.
pg p

If the virial theorem is satisfied

p P
and initially as the cloud is at rest

T =0
o

Thus 9 : 29
p o

If 9al/R where R is some characteristic radius then

p o

This must .b>e a crude examination for we have not considered the

effects of spiral structure, magnetic fields or of the large, massive,

central, nuclear bulge.

Let us now consider matter in the plane of the Galaxy perpendicular

to the axis of rotation. We may treat the medium as an incompressible fluid -

e.g. div(v) 0. We erect a coordinate system with the sun at the origin

and consider a star at a point (P), a distance (d) from the sun.

We have two velocity

LA, components

u = u(x,y)

v = v(x,y)

0 CX



The difference in velocity components at the sun ad (P)

Similarly

au d u
U. .. .

;V .-- cos + d- sin £
3x y

Av . cs k ± & sin Z
ox 6y

The radial velocity of (P) relative to the sun

V Au cos + Av sint
-s .e "E c)~ du • v= x(cos z .sinz ) y((cos - in - -)

V = d(cos2  + sin v + sin 21 + -3
r x s y 3x -y

or

We choose our axes so that the sun (x 0 0, y z 0),

the equation of continuity -- 0. Hence
X.ay

V = d.bsin2z fy +-
r Sx Sy

, = 0 then from.p

We define the first of Ort's constants

A Sy

.. V dA sin2L

We examine the transverse velocity component

V = Av cos A- Au sin
T

v u) v (cs lu
Sx(COS sinZ -- ) y(cosi-t -sint -)ax x 3y y

d(cos2  - sin )
d x Sy

for by the equation of con tinuity terms in ~ and - are zero.
3x 3y

This equation may be re-written

T u ov av 3uk d
V = {( + -)cos 2t + ------

T oy ox ex ey 2

v .

We define the second of Oorts constants

Sx Oy

Thus VT d(Acos 2£ + B)

Let us- now consider the angular velocity of the system as observed

from the sun, We erect our coordinate system with the x-axis in the direction

of the Galactic centre and consider a star near to the sun at point (P).

The sun is at the origin of this system.

I7
' i K -

C r r .Ct^.1, 4

C -- -

.

.4;.

.i 1

. - ,- 
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Remembering that o = l(P).R
P P

we may say

u = u(P).y

Thus for very small distances, u -(R ).y

for t(P) ( R )

where he angular velocity .(R ) is that of the sun

V r w(P)(R - x) - w(R ).R
o o o

The distances from the Galactic centre to (F)

R R x)2 +y2 (R - x)
p .- 0 a

This is only true,of course, for points near

V =4( - x).(R -
o O0

By expanding in a Taylor series we can show

-x.-- I (R) - w(RdR CL.( o i

From our definitions

ay

and

the sun. Thus

- x)(R -( x)- R.).R

~y a a 7*)

35<' 0 2 dR
a~pc: y O 0

Therefore we may conclude that at the sun

w(R) =A-

.and.
23w

0

2,A

'

By the latest analyses of the available data

A S15km.sec -kpc

B13 -lOkm.sec tkpc

R =1Okpc
0

Therefore w(R ) 25km. sec 4pc

( " = -3km.sec pke
342 K

We may draw two imediate conclusions:

(a) the fact that (R) is positive implies that the system rotates

in the direction of decreasing longitude,

and (b) as 9LR is negative the absolute value of t(R) decreases with

increasling radial distance from the Galctic centreo
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Lin, C.C., and Shu , F.H., (1966), Proc. Nat. Acad. Sci., 55, 229.

Hence, for that material partaking in differential Galactic rotat.,n the

inner parts of the Galaxy willcomplete t eir. orbits in short e perl,ds.

The rediui for which this is true is confined closely to the Galactic

plane. By use of itcrial nar the sun we can establish (R ) a d R .
o o

We can then use the general expression for the observed radial velocity

of aterial in the Galactic plane

V R w(R) - m(R isin a

to establish the rotation law w(R) for the Galaxy.
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