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‘Bruce Balick

INTERFEROMETRY AND APERTURE. SYNTHESIS

" 1.  INTRODUCTION

Electromagnetic radiation is a wave phenomena implying instru-

ments- used to observe this radiation are subject to diffraction '

limitations on their'resolution, The.angular limit, A6, is given
v‘apprOXimately by 48 ~ D/X where D is the aperture_dimension and A’is

~the observing wavelength; for radio_work
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~Thus the 300' telescope has a maximum resolution of ~6" arc at A1 cm,

where as a lO cm aperture optlcal telescope has a dlffraction llmlt

’of 1" are at opt:cal wavelengths. (The same hlgh resolutlon would

Arequlre apertures 1- lOOO km in dlameter at radio wavelengths)

- To obtaln hlgh resolution resolutlon at radio wavelengths, par-

tlally filled apertures of large dlameter can be synthe81zed For

thls,vtwo»telescopes separated by a baseline Eﬁcan»be used«to simulate
the response of a nearlypcircular annulus of diameter lBl.» The tele-~

scope pair is configured in such a manner that it is best described as

an interferbmeter in the ordinary optical sense. By moving the tele— ,
scopes to obtaln interferometers of dlfferent spa01ngs, annu11 of

d1fferent dlameters can be 81mulated The results obta1ned on the :

 various spacings can be added appropriately toAsyntheslze the response>
L otia{slngle telescope of veryvlarge diameter;tand thereby yield maps
of high resolution.,-For'example; the NRAO interferometer‘can'he_used
Vlto synthe51ze an aperture of 2. 7 km dlameter. At.a,wauelength ofv3;7*-

cm, the resolutlon is 3" arc.



dvWe shall investigate the'responseiof an_ideal‘interferometet to
anvideal source of radiation. As the discussion proceeds, we shall
relax some of the restrictions to diecussvmote,tealistic soutces'and
insttuments. Finally, ue shall discuss'hou-e Bigh resolution mep'is
obtained. Complementary dlscu331ons ean be found 1nv |
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 II. RESPONSE OF AN INTERFEROMETER.

~An ideal interferometer consists of two identical telescopes

- joined by equal lengths of cable 1nto a multlpller where . the n01seless

31gnals from both telescopes are multiplied (correlated), ‘The ideal

source is a stationary monochromatic point source at infinity. We

~shall drop some of these assumptions. The'discussion“whicn follows

in this section has a close anelogy in the case of‘the opticel‘double

slit interferometer.

o

The 1deal 1nterferometer is shown schematlcally in Flgure 1. ';g

is the vector basellne separatlon, measured in wavelengths. “The spec1-

fic coordinate system used to descrlbe B is not 1mportant, and w1ll

be chosen for convenlence-later. The output Voltages of'the RF amplifiers

of telescopes 1 and 2 are*

o % in the discussion which 1mmedletely follows; it is assumed (but is

not essential) that the reader is familiar with the response of the
electronics typlcally found on single dish telescopes.



V. = 1/2 Af GE cos (21 £ ©)
= VOl cos (Zn‘ft) -
Vv, =V cos (2m ft + o)

2~ Y02

-vwhete ﬁ-is the Strength‘ot the incomiug signal, G is the amplifier gain,

:1 f is the observ1ng frequency, VOl and V02 are the output Voltages

"(assumed to be equal), and the 1/2 arises because we measure only one
Vpolarlzatlon. ¢ 2ﬂ A%/A is the lag of the 51gnal from telescope 2

arlslng because the path length from 2 is greater. by an amount

Coa = s|B|cos 6 where s_is‘a unit vector ‘in the direction'of,the source.""*'
iThe RF signals ere uixed_by a cbmuon local oscillatot to obtsin the IF
'siguals‘which are’then multiplied in the cofrelator. wTﬁe multiplier outé
Zput_Mvisvthus given by | | .

M =fVlV2'é V02 cos (2# f t) cos (Zﬂ f t + ¢)

It

1/2‘V02.[cos b + cos’{Zn(Zle)t + o}].

'The second term is‘rejeCted by the lou Iass.filter whose outout R, is
thus.proportional.to V02 cos (2ﬂ‘AQ/K); 1f thetsoufce were stationaty

with respect to_the baseliue this output would be'a‘constant;'however,
vtecause the source kes seeu from thelbaseline) appeers to movevas the _ 
earth rotates, A% changes by many wavelengths and the output vatles
4c'nearly Slnus01dally resultlng in the characterlstlc "frlnge pattetn U
(each frlnge results from a change in A% of oue wavelength); -Thelauplltude
- of the fringes is ditectly prooortionalvto the source.strength S,,wﬁerews

':';is the radio flux density of the source,

~

(1) Ro Vo% cos [2m [Bl»cos 61 oS cosQZw‘ges .




Thisiis‘the first fﬁndaﬁental eqeation of:intetfefometry. Examples
of ftinges:are shown'in Figurev2. |
The 1nterferometer respoose can be alternately plctured as a set
_of flxed 81nu301dal lobes which are parallel but not qulte equally
spaoed~(the’spacing is discussed below) . ‘The “comb" of.lobesvare
showh inlﬁerioes aspeets iﬁ flgures 35,.35, and 3c. Sosrces
move through the eomb as the eatth totates;. lhe>petﬁs of sources at
'S:=‘O°, 30°, and 60° are shown.b Also 1nd1cated is the track:ng 11m1t
of the telescopes at hour angles of - +6 | A
These,lobesvare not a property of the iﬁdiﬁidualaentennee,Abut7
‘onlyiof.tﬁeir relative placement aod their'orientetioh‘wlthlrespect‘

.to the'instantaneous direotion of the source. To repeat frlnges are

‘a result of the chang;ng source, basellne geometty° They are 1ndepenfs
leent of the obserV1ng frequency if B is measured 1n wavelengths. ~The '
orimary antennaepatternsof the single dish télescOpes do not directly” 
.‘enter into the frlnge pattern, but merely select a reglon of the sky
over whlchiradlatlon from sources mov1ng through the lobes can be‘
‘ ooserted Thus the 1nd1v1dua1 antennae must track the source. .
Thevlobe separation is;the angular Sepetetion of‘edjacent Lobe
'ﬁaxima,lAG, 26 is'determlned By‘the:eondition'that‘Zﬁ |B|‘eos‘e
‘cﬁanges,by Zﬂf,TLet 6, aod 6, be:two‘aﬁgles foerhichslBlfeos 8 ehanges B

by ﬁnity; that iS,l’
ot

,ZnA]BI:(cos él - cos 62)';.2ﬁ :



Substitﬁting and expanding cos (8 +‘A6)'Wé,arrive at

]Bl:sih‘e 10 = 1 for él_: 0, oL

Then |
| = 1 — =
|B] sin 6 [B

: — )
(2 e -

~which is the second basic equation of interferometry. B, x s is the

- component of the baseline which is perpendicular to the direction

‘of the source. That is, A8 is determined by the'p:oiected baseline,

as_seen b? the source.

‘Whén sources pass through tﬂe meridian of the baseiine:(bm) the 1
ueffeétiVe baseline; and ﬁhUS thé no; of fringes traVersed‘per unit
time, is a maximdm.‘ Aisb, the lqbé_Sepafétion-is a minimum. When the
‘source crosses over the end of thebbaseliné (called croséo&er), the
baseline prdjection‘goés throﬁgh‘é_minimum.' In additioh,xthé $oufce
is movingiiﬁ‘a direétion'wﬁich is inétantaﬁeously pérallél to the lobes
SO0 no lbﬁéé are traveréed,_and tﬁe fringé rate.instantaneously dréﬁs t§
"zéro. See figures 2 and 3c. - |
| Let us view thé baseline from ﬁhglsour¢e'iﬁ ordér té defiﬁevsomg v
Limpértant new Variables; Imagine an‘obserVe;&fixed on thé.source who
"sees the'baseliﬁe éhaﬁge below.him as the earth rotateé; ”Therbaseliné;
projectea onto his‘sky, éscribgs é smooth cﬁrve.. Hé caﬁ measurefén.

east-west and north-south component of the instantaneous baseline



:prdjection; qaliléhese>u and v. ‘fhe geomeﬁry ié shown‘iﬁ figure 4;

As the earth rotates, the baseline‘"turns” aﬁd u and v chénge; Fbr:

'sourées nearly overhead;,the‘endévof the basel&ne ascribe almost cir-

‘cular_paths. Theéevpaths;vfpr ééurées atvdiffgféntldeclinations;'ére

.sﬁown.inbfigure 5.for g stsible baséiine of the NRAOvinterférométer.
4>vThevabsciésé is'uvand the ordinate v}  The Baseiine itseif is shown':
'..in.figure 6. Iﬁdicated oﬁ:theAfigurglare tﬁe éossiblg Féléscope posi;
z‘tions. Teléscope'seéaratibns 6£,i’12’ 3, 4, 5, 65 7,>8,_9, 12; 18,-19,:‘
2;,_24,.énd‘27 hdndred‘mefers are poésible; Iﬁ'figﬁré 7, ai1 the avail-
fable projected baselines,that>éah bé‘seenvby sOuréeéfof different de~
 ¢linatipns;are‘viéible; Ten diViéions on ﬁhe grid gorrespond tov
3 _25,000% at all.l ém,'and‘75,000xvaf,k3.7 ém (the ébserQing'ffgquéncies_
VofvthebﬁRAO instfumedt)f | -

| Tge_graphs of fiéure 7 indicaﬁe all fhéispaéingsbthat'a SQurce at
°v:oﬁe of the declinations can see‘v'Ihis statément{méanévexaétly fhe same

" as the foilowingf

The apertﬁre'whiCh'can bevsYnthesized for the
- observation of a source at any.declination_is the

sum total of all projected baselines’és‘plotted in

| the u, Vv plaﬁe,.v

_Thus £he eiiiéticai.fings of figqre ? are'a‘picture of the partiailyvfilled; '
apeftﬁfe”whiéh can bé synthesizéd. It reﬁains to‘Bé seen how thet |
, ffingés oBserVéd af fhose pointé in the (u;'§)=piéﬁé can-Be.used to
':vcénstruéﬁ'é_higﬁ resolution map. Eor intefeét, thé»beém‘pétternbof
'".the‘syﬁtﬁesized aperture for'sourcés-ét\declinatiOns of'60f;/30f, aﬁd 0°

 :5f%'sBown in figufeévS(a), (b),'and (c).‘ In'fig@ré 8(d), the effect of

L4



hegledting the 600 meter shacing>(arbitrarily.ehosenj on,the synthesized
beam is shown -- it is negligible. ” | | |

It should be intuititely recogniéable that u and'v fotm~a funda~
mental set of.coerdinates. 'Just how fundamental Wiil betshown later.

First we pause to estahliSh some cenvehient coordinate‘systeme so és to

express u and v ih terhs ofvmore intuitively'obviouquUahtities iike the
hhour angle H, the decllnatlon 6, and the basellne length B = |B]. We
_shall also derlve the ‘equations for the elllptlcal annull of figure 7.

We deflne-a rectangular coordlnate system_whlch has components

(x, y, and z) along perpendlcular dlrectlons in Lhe equatorlal plane and

the north pele. These directions are flxed w1th respect to the ground.*

The basic geometty Qf the (x, Y, z).coordinate system is depieted in

'.figure 4. The-soutce5 1qceted‘in the diteetion of the Vectorfg has (ehanging)
‘hour angle H and declination § as shown in the.figure. _The baseline B would
appeer as a fixed linevpaesiné‘thtough.thevorigin.(hut net neeeesariiy in
'the (x, y), or equatorial plane)} _The baseline-ceuld.be defined by ite
lengthvB ahd two fixed directidn angles called the haseline hour angle h

v and declination d. Then

B B cos d cos hy s \ . 4 cos § cos H
x , : : %\ .

'B& ={ Bcosdsinh | and . s, | = ~cos 8§ sin H

B Bsind /  \Ns /  \sinH

vz, . . . . . VA -

% That is, if W is the latitude of the observ1ng 31te, then the base-
line B on the ground has progectlons : '

% :fs;n'w 0 cos=w ‘(,Bnorth v
BY : =_ 0 -0 BeaSt
cos w 0 ts;nlp Bzenith

* where B .. is 0 for baseline on'level.ground.
“zenith "~ o



and cos 9 = B+g/B = sin d sin § + cos d cos & cos (H-h). The projected
baseline B x § changes with hour angle, but can at any time be resolved

~into its u, Vv compoments as shown in the figure. "By inspection

sin H ' -cos H 0. \ B

-sin § cos H =-sin § sin H cos$ By

cos § cos H cos § sin H' sing BZ .

These matrix represenfations'of”the geometry were developed by Dr.
C. M. Wade.
It can easily be verified that.

e .é.Whn_
2 (v - vo)

b— o1
S P

anc ‘

v Qhére a = VBXZ +‘By21= B'cos.d; b=a siﬁ 8 é:B cos d sin 8, and
v, = Bz'cos § =B sin d ;os 8. This'is'the équati6n of an ellipse
centered at (u =0, v = ~B sin dvcos‘S) with majof éxis a, minor axis .
Vb, and ecéentricity cos.ﬁ; Note that only thé‘minAf'axis and ellipse
center'dépend §n the source position.

The minimum lobe.separationév(i.e.,'thbse available at the
instrumental meridian where thé.effectivé baseline is thé true‘baseliﬁe)
vare shown in table 1. | | |

L

Baseline'(lOO meters) 1 2  ’3 4 5 6 7 8

Lobe separation - 3!8 1!9 1'3 57" 46" 38" 33" 28"
Baseline (100 meters) . -9 12 15 18 19 21 24 27

| Lobe separation 25" 19" _‘15“' 13",,‘12" o1 10t 8YUs.



IIi. vRESPONSE‘TO EXTEﬁDED SOURCES
It is the pﬁfposglof this section-ﬁo,éstabiish the felatiohship

béfwéen the observed fringe féttern and the source brightnéssvdistri—
bﬁtién; and to describe ﬁow the high resolutioﬁ map is obtained. We.
bmusﬁ first define those»parametérs that describé thé observed fringe

- pattern and shpw,_in a éemi—intuitive fashion,.how they_relate to the
. * source geométry; 'The precisg relation betweeﬁ the soufce‘étructure
-'jéna ihterfetométer reéponse.w111 tHenﬁbe de?elbped.‘v |
‘ﬂ.x.Thé'ldw'péssﬂfilfér outpﬁﬁ RA<i,e;,Athe fringe-éétiern) éan be

writtén.aé
(3) R =Acos (21 Beg +9)

_whefé A'is'cailed the fringe'éﬁblitudé (of'Colléqiﬁally the,éﬁplitudej,‘j
9 is the fringe'phasé, or phése, and 2 Bes is the ffingejpériqd whicﬁv
: i;'entifelyva property 6£‘thé soﬁfée - eérthvgeometfy and has ndthing
to do with séurcg structuref .As a ﬁatter bf prpéédufé, the émplitude
féﬁd'phase are computed by anvon;line coﬁputéf (every 30 sec ﬁn the
,casevof the NRAO-interferometer)vby a leasﬁ squares fit to é sine wave
of the expected éeriod; fThevémplifude is the héight'qf the frihges,j
.and the'phase;is défined.és-thé shift'éf'the meaéured'friﬁges with
respect to tbe fringe patterﬁvthat'would resuit fromvan ideal»poiﬁt
éource,at thévsaﬁevpdsiﬁién in £he sky. AWebﬁdw’diséusé.the meaning
 ”df'tﬁe ;mpiitude_and‘phase in’moré detail, ‘
| The amﬁlitude, as we‘bavetestabliéhéd; is ptbpqrtioﬁél to.tﬁeiflukL‘
~,g”§f avpoiht source. Thié;.howe§er, i§ not the éééé for an extended squfce.'
"Considér'now'ah exteﬁded sourcé, éay.onevdf ﬁnifofm brightnéss, théﬁ is.

- sufficiently large that it spans more than one lobe,. say N lobes. .

\

L3
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As the source moveé through the iobes, it occupies all exéept perhaps
one.of'them,at any time. Compare this to a pbint‘source of the same
:fiux S which wbuld'oécupy either zeré or one 1obe; vavtﬁe energy out-
.put of tﬁe low pass filter for the point source is éropértional to S for
the ?dint source, then if,would bé of order-S x [N-(N-1)]/N = S/N for
athé uniform exténded‘souréeg In'genéral, the larger fhejratio of source
~'size to lobe separatiqn, ﬁhe smallér the.ohsérved amplitudes for sources
. .oé the same flux. f | ‘

Say many‘paréilel ﬁairévof;telescopeé ofvdifféfent sebarations
”:simﬁltanéously’obSéfve theiéame.éourée.  itifolles tha£ fhe amplitudes
observed onbthe smaller spacings‘will be larger’th%nbthbse of the outer
spacings for é soﬁrce which :i.s.suffi‘ciem‘:ly.~é><:tend'ed.° If the fesponée
'ﬁo.a ééﬁrce is found to fall off at‘a cgftain spaciﬁg, the source ié said
“to bé "resolved" at.tﬁatFSpa¢ing§'otherwise‘it‘is unfesolved;"A ﬁlot

of émplitqde vs; spacing is éélléd the #eal visibility functién,(this,
we shall see,vis_a»slight'ﬁisnomer). Variations in this function are
feiéted to source étructure; however, thé'rgal'viéibility.functionvisv.
‘ﬁot suffiqiént infofmation from which to unéﬁbiguously deriVé a mapvof,'
‘thé ééurée. Tﬁe fringe ﬁhaSeé cleéf up éﬁy aﬁbiguities.

The_ﬁeaning qf’fhe fringe phése'is éoméwhqt more eédterié. vThe
'f_phése is.related éolthe aﬁparent inStantaneous’brightﬁess centroid'off~ 
'_set'ffom‘the éenﬁervof the fiéld“of Qiew; iQe;, it is Sénéitivé té‘

,pﬁsitioﬁ (this description of the phééeé haSISeﬁere:limitétibns)f
'AConsidér a,point séufcé‘wﬁose position,ié‘wéilAkﬁoﬁn (tq é sﬁall fraé;
tidn of the lobe sepa;étion). Itsbffinge patterﬂvhas zefolﬁhase. Now

._'displace the source a fraction of a lobé’separétion. ‘The measured
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‘fringe pattern will have the éame period (actuallylg changes slightly"
but differences in the period can,generélly be ignored) but the fringes
will not arriﬁe at tﬁe expected:time. If the source is displééed-by

‘half avlobe,-thé ffinge pﬁase will be 180°. if'the source is displaced’
by an‘angular'diStance A¢ and the lobe separation is Aé,-the phéée (in
vfadians)fwilllbe 21 D/AS . ﬁere it was assumed thét ﬁhe»displacementbof 8

the source was along'a line perpendicular to the lobes.

I
i
{

i l i
| i :
| i ; T
e p01nt o
i N : {
\ ; % ,//source j 1
} L ; ‘ i z
( L , : T R s P
i | - v Lo b i : hE
miene el
;apparent ‘ R TN P
zdlsplacement : S lobe maxima‘
i i . 3

S T T

i

Displacement of a pdint source in the discussion above. L
As the source moves through the sky, it sees the baseline orienta-
tion, and thus the lobe orientation rotate slowly. Then the displace-
ment of the“displaced point source, projected onto -a line perpendicular

‘to the lbbes,,also changesj the phases change*accordingly.

Displacement of the point source above atya different time.
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Then the résﬁénsé R is given by A COSI{Zﬂ‘B‘€§;+ As)}, or
¢ = 27 B-As, where Ag is the source displacemént. Letting the

displécement have E-W component Aa cos;é and N~S component AS,

and recalling the difinition of u and v we obtain.

o, &)

usdo cos § + veAs

i

Ao (Bkicos § sin Hiq'By.cos § cos H)

+.A6'€BX sin § cbs’Hﬂé—By.Sin éisin H + Bz'cos 8)

'the‘thisvimplies‘£ﬁét tﬁe.phaSés,caﬁ.beureéfééented'as a fléﬁ'plaﬁé
‘whiéh iﬁtgrseets thel(u,IV) plaﬁe alongvthe iine u?Ad_cos § + veAS = 0.
The éhase Behavibr as the (u, v) eilipse is_tracked is eaéiiy ﬁndérstood;’
AAn identical discussion pertainé to thevphasevéf an éxtended‘sourqu

With'symmetry suéh thai‘its Brightneés céntroid élways appears station-
_aryé This includes sbqrces With‘circﬁlaf'symmetfy‘and dbubie'sources
(if‘thé ampiitudesvare>3110wed to‘be negatiﬁe f ééé ﬁelowO. For very
virreéuiar'sourcés the abparent brigh£nes§ centfoid éhanges erratically
Qith a édfﬁesponding irfegular phaSe Behavior.' seebfigure 10;‘ o

: Haﬁiﬁg laid an‘intruti§¢ groundwofk*for understaﬁding the fringe
Tampiitude:énd pﬁase.we ﬁow éhow that both uﬁiquély défine a map, and
'.in addition we.shdw how_ﬁo ¢6nstrﬁct the mapf"Considef an.extended
vsourée containea well wiéhin.the primary anteﬁngé:bgaﬁs, "L¢t its
brightpess diétribution bé T(a, 8). ‘Lét o and'éé denoﬁe a refgpencei
positiop near the source - say thé‘ceﬁter'ofEthe priméry beam. We
"caﬁ'definé'cértesiénlcoordinates'(x,'y).in thé élané_§f the sky with
”'ofigin atz(ad, 605 with x'='(a;ao) cos § and y = (6-60);‘£heﬁ:x aﬁq

'y are not scaled by cos § as o and 6 are. An infinitesimal area in
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the-sburcevhas intensity T(x, y) dxdy. The interferometer response
to this element alone is identical to that of a point souﬁde:
dR o T(x, y) cos (27 B cos 0)dxdy.

As stated previously, we may assume that the source dimensions,
-are small so that the périod of the friﬁges are the same over the
 entire source. This allows us to write the argument of the cosine
:iﬁvthe form of equation (3):

dRAaiT(x, y) cos {27 B cos 8 + 21 (uxtvy)}
.Where the phase ¢ ¥:2W;§‘AS = 2m(ux+vy). The same equation can be

P

' derived by a Taylpf expansion of cdsve about the origin. ‘For sim~
plicity let us define @O'= 2m B cos 6. Then expanding the cosine of

a.compoﬁnd angle we obtain,_‘
-..&R(u;]vjfdAé(g; yj,éx d&j{céé.tZﬂ(ﬁ%+§y)]:cés.@gi_ sin t2ﬁ<u%+yy)] éin @o}
Iﬁtegratiﬁg éver thevsource, we 6btain the toﬁal‘response;
@ R v e S R, cos 8, - L(u, 'v)_' sin 0}
,whére;gﬁand ;Nafévﬁhé~nérmali;éd:cosipe and‘siné quuier‘tfansforms §f

the source brightness distribution

' : o ' ~ (cos) e
. %? = %_2% s .T(x’,Y)’ - [Zﬁ(ux + vy)] dx dy -
) TAT e 0 ein) ST ’

a”Hete S is the usual flux density givenvby 2%' e T(Q, y) dx’dy. Notev
. , e y _ RS 5

“that for a ﬁoint source1§’¥ 1 andw;’= 0 resulting in equation (1).

00
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Because T(x, y) is a real function, so are\%fand.%f We can
therefore define the complex visibility function V(u; v)%&(u, v) +
.i£§u, v), where R and I are its real and imaginary components. We

can alternatively express Y, in,tefms of an amplitude and phase,

1®(u, V)

Hi

‘kS).vX(u, V) Alu, v) e

’it fqllows that

{R (u v) + I (u, v)}

'. —l R(u, v)
L(u, V)

Aw, V)

i

and o (d, v)

'vWe"canfformally substitute these relations into equation (4):

cos & - 'sin.®é
{R +I

2,1/2] B
Ra{R + I}
LR+I}1/2

2}1/2

= A(u, v). {cos @ cos o, - sin ¢ sin ®O}, or

(6) '»Rma.A(u, v) cos {2m B-s +i®(u; v)}

~

'whiCh is identicalbto equation (é) Then the mathematlcally deflned

‘functioﬁs~AAand o take on a phy51ca1 31gn1f1cance as the frlnge ampll—‘

 tgde'and phase. That 1s, the fringe amplltude andvphase are the

 ampliﬁudé énd ﬁhase of the-cbmple# visibiiity:funCtion‘X(u, Q); whi¢h _:
ﬂ5:;itsclf_is built frém thevﬁourier sine and gosiﬁe:transfofm of the .
brightnéss:distribution.' A'ﬁﬁcﬁfélearer inferp#etatipn:resﬁits‘fromISOme
lést éigebféictmanipqlation;.fféﬁ thebdefiﬁition Qf'yb gviénd.éqWe ;
Chave, | |

'.;Z'=~§fil'= %-fw I T(x, y) {cos.2n'(ux+vy) + i sin 2ﬁA(ﬁX+vy)} dx dy,

e ]
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or

-

(7) A (u, v) = E'_fw fm T(x? y) eZui(ux+vy)(dx dy;

-0 =00

Then from the theory of the Fourier Transform we may write

THE MEASURED QUANTITIES OF THE INTERFEROMETER,
THE FRINGE AMPLITUDE AND PHASE, FORM A COMPLEX FUNC-
TION V(u, v) = A(u, v) exp (i® (u, v)) WHOSE FOURIER
~ TRANSFORM IS THE BRIGHTNESS DISTRIBUTION. i

>Thevinterferemeter; then,'responds to Fourier compenents of,the

b%ightness distribution which heve ehgular pefiod’equal:pe thehlobéi;lu,,<,
”seperatioh, and whose stfueture is oriehted along a 1ine perpendicular
to the lobes.' This is the fundamental equation of aperture synthesis.
The source structure to Wthh the interferometer responds is clearly
1def1ned and we heve showq that the brlghtness d:strlbutlon can be’
:constructed from the frlnge amplltude and phase. The fundamental
.1mportance of u and v is also clear.

| Frem e@uation_(7)>We derive several‘cerallaries which arev;ﬁport—
ant. Using the fact that T(x, y) is reel and Fourier Transform theoryv

we derive the following:

CT(x, y) - S’fz-gﬁu,'v) exp‘{ﬁﬂi‘(ex+vy)} dudve

S IZ g&fu,y)vcos 21 (ux4vy) +'$&u; v) sini2ﬂ(ux+vy)}dudv

i

- iS f?{R( u, v) sin 2ﬂ(ux+vy)‘—ll(u. v) cos 2T (ux+§y)}dudv )

O s

=?ff {R(u v) - R(—u, ~v) } sin 27 (ux+vy) dudv ‘

-ff {wju, v) + I(-u,‘—v)} cos 21 (ux+vy) dudv
=0 '
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wherevwe have used the parity of the trigonometric functions and.

the fact that the iﬁaginary part of T(x, y) is O. Then

’géq,-v) = gé-u, ) and &Su, v) = :%éfu, fV), or

‘y,'\(ual,v) L= z\‘* ("u; , "V)

"Where * denotes c0mple$ conjugation,v Thus the'complex‘visibility

'function is said to be "Hermitian"; It follows that A(u, v) = A(—u; -v)
: .and.é(u, v) = -9 (—u; —V); i;e., the émplitﬁdes énd.phéses éfé redund~
v,,ant‘én the;(u, V),plaﬁe; _Thus.obsérvatiqnsrneed énly,be féken'over‘
half the (u,iv) plane. This is why_the ellipses in figure 7 have
-»céunterparts on*fhe oppoéite side of the origin;» -

'Secoﬁdly, we note that'35X (o; o) = [ T(x, y) d#éy'= S. That.is,
the éotal fiux of-Ehe source (Whic5 is assumed’ to Be-contained withiﬁ
.Atﬁe Eeaﬁ) is given by the zero spacing flux at’ﬁhich all sources are

unreéplved. However, the.interferometervcannbt méasure anytﬁing-at
»zéroAspacing since one telescopevwould be bbserving.the rear of‘the
'second, and not the source. Thus the interferometéf‘cannot be used

to measure the toﬁal,flux of a source unless the sourcebis uﬁresolvéd at
vséme ionger‘spacing. ‘The faiiure td’samplé this poiﬁt also meaﬁé that
‘the integral of the brightness‘tempefature ovér any map must‘be 0; that 
is,rthe average brightneés is zerb aﬁdfany‘soﬁrces observed in the map
- force the rem%ipdér of the map’to hévé.negative temperatﬁres;. Ihis
means that negative sidelébes cén appear on the map; o |

| “An illustratiﬁe analogy to the'partially_filled'aperture synthésis""
techpiqué can bé madé.; Consider,a camera.modntéd:in‘th¢ far field of

a gratingAmade of elliptical slits (in the same pattern as the (u, v) =
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‘,ellipses)r Consider‘alsoea special tfoe of film that isiinsensitive~to
the'averagevlight intensityvlevel and:responds:only to differences in
light intensity across the subject;"The camera and its film would be
»an'instrument which responds in the same manner as the pertially filled

aperture described in this section.

thV.’ RESPONSE OF THE NRAO IkTERFLROMETER
One plcture is worth lOOO words.’ In Flgure 9 the response of Lhe NRAO
le 1nterferometer at-All.1 em has been calculated for symmetrlc Gau851an
'sonrces, (Thelresoonse et»other‘freqnenC1eS'soales,as the'ratio of
ohserﬁing,wevelengthhto ll.l'cm;) For this, thexellipseslwere assumed‘
to be 01rcular so that a one dlmen31onal analy51s was p0381ble;
bv.The sources had half power w1dths (HPW's) as 1nd1cated the beam can be
‘con51dered a Gau531an of zero width.v_g is the ratio of the peak antennak
fresponse to the model SOnrces'divided‘by,the peak response tohe point_‘
sonrce of.the‘same flnx.. It~cen he seen that if'smellvand extended
‘vsources of. comparab]e flux ex1st 1n the same reglon, then Lhe extended
souree could be rendered unobservable by the 51de lobes of greeter
vvbrlghtness a58001ated,w1th the small 50urce; Thls‘ls an 1mportantv
:teffect whlch must be rembered when con81der1ngvepertu1e synthe81s maps.
| The beam w1dth of the NRAO 1nterferometer at All l cm 1s approx1—
.mately 8" at half power p01nts in 1ts nerrowestvdlmen31on. ‘At 400; _
theteccentricity‘of»the beam is ~ﬁ/3; et,20° it is approximately 1/2;
eno'et.SO it isvneerlybl/A.. At southernvdeclinations; the inability
k to track the source for twelve hours generally.neans the synthe81zed

‘beam Wlll ‘have eccentr1c1ty <0. 5 and its narrowest dlmen81on ‘may

exceed 8" south of 8 f,—20°.hv:f
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V. OTHER ASPECTS OF INTERFEROMETRY AND APERTURE SYNTHESIS

We have not considered the following in our discussion:

1)

ay

3)
_5>_
6)

7)ﬂ

)

10)

non~identical apertures

delay systems necessitated by non monochromatic sources

.single vs. double side band systems
‘sources larger than the primary antennae beams

‘non-incoherent radiation

s?ectrai line and polarizaéion.observétions
calibration problems

SOurcesidf'random, pséudo random, andvéyStematic noisé
calibration of maps e A e

model fitting in the:(u, v) plane..

The first 5 of these points, when considered properly, introduce no

_fundamental changes in the equations presented in this paper. That

~is not to say these prOblems can be ignored. Interferometry has been

made feasible only because these problems or complications have been

overcome, often at great expense. Spectral interferometry is con-

‘ceptually similar to continuum interferometry. Calibration and noise

_ problems are extremely important and restrict the utility of the

interferometer under certain conditions. A general discussion of noise .

pfoblems'will soon be available (Balick, iﬁ preparation). The inter-

"_pretation of the maps, and problems of model fitting will also be

discussed.
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§ is explained in the text.
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