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_ APPENDIX A

APERTURE SYNTHESIS

»’The method of interferometric aperture synthesis‘is

best understood by first considering the analogy with the

single-dish telescope. The voltage V produced at the horn

of this teleSCOpe by an element of area of the dish dudv

- due to radiation at frequency w from an element of sky

dxdy may be written as
e

v(u,v,x,y,t)=V(x,y)W(u,v)e

where  the telescope is pointed at 4x0,~y097mu,and v are

measured in wavelengths, € is a random function which

varies rapidly in all coordinates, and W is a weighting

function which accounts for taper introduced by the horn_
and Which is-zero outside the’dishvaﬁea. The total ,
voltage at the horn_is the integrél'oflthis voitage over
the dish and the sky. This vbltage is then detected by a

system which responds to the time average of the power.

Thus

ifwt+g (x,y,t)) i2m[u(x-xq) +v (y-yy ]
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8 / fdudvf} f du'dv’ f /’dxdyf'/dx'dyv‘ T (x,y)

L o | | - o R
VTZ(x',y')W(u,v)W(ufv')exp[2ni{u(x~x0)~uf(x'~xo)+v(y-yo) v

—V(Y"‘Yo)}] <eXp[l(E (X:YIt)—E (x',y’,t)] > |

' wheré we introduce the brightness temperature of the sky
T(x, v), where T(x,':y) is proportional to V2v(x, y). Since -
ifg(x,y, )-8 (x",y", )] 5 R |
(e R Y = 26 (e=x', y-y')

- by our assumption of a random noise signal, the response

_simpli.fies té e ' | o
: -2mi [(u-u')x +(v-V" )Y ]
'R(x . y) = f fdudvffdu'dve : -0 _O
v W‘(u,‘\‘I) W(u',l ‘V')'I
0o : 1211 [(u-—u )x+(v-v )y]
X ffdxdy T(x, y)e' o ‘ :

(A-1)
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Transforming coordinates we obtain'finaliy 

- .o . | 2n1(uxo+vy0)._
R(xo,yo)? J/‘ jf dudv F(u v)A(u v)e,'

(A-2)
:where the éoméiex fringe VlSlblllty functlon is defined as :,-
R S 12n(ux+vy) |
F (u, v) B JC/éxdy T(x,y)e D
and'the autocoﬁreiation_of the weightiné functioh,is'
L« o I ; »' ,;‘ '; e
Au,v) E»;jﬂ Jf du'dv' W(u+u', viv') W(u',v').
‘Thus, the'single dish’fespéndé ﬁo'thé Fourier trénsférm of
 ‘tﬁé Visibiligyffuhctioﬁ weigHted by a‘sampling function;
Lét»us now C§nsidér theAstandara samplihg_theofem
(Brééeﬁell. 1958),:‘Wé éaméle the‘visibiiity function at
regular inteﬁvals‘in u of'l/2 $C and v of l/Q”QCw “The -

sampled'visibility function may‘be written as
V' (u,v) = III(2xcmAu,,2yanv) V(u,v)

where the III (sha) function is defined as
2 o o o, .
IIT(x,y) = ».  p, b(x-H, y=v).
U=~ V=-00-
If we Fourief_traﬁstrm the sampled'visibility function we

‘obtain a map given by
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CRG y) = PIITGe/2x, v/27) % TGoy)

WhereuT(x;‘Y) iévthe.tfue bfightnes§ distrithion'andj£ -
dénotes é»éonvolution;:,lﬁ‘qther Wofds? Qé ﬁoW hav§7£he
‘deSired map.repéatéd.ét'intérVélsvbf’2xé‘in‘k and 2y¢ in
“-y§‘11f j | | |

S T(x, y) = O'for |x| > x, or |y] >"_yc

’ftheh:the fepefitioh doésbnoﬁ éause.ﬁhe‘maps tO‘dveflép and
hence caﬁéés no errorf Therefofé, we must sémpie the
 vvisibi1ity function aﬁ intervalsvsmallérzﬁhan the inverse
diameteﬁ.of the.souﬁcé-being’observed,

Sincg this sampling interval is about»400 feét (fof
the sources inrﬁhis program‘at 21 §@) which is largerAthan,
fhe diameter-of almoSﬁléli single-dish ﬁelescopes,‘éll
information cdllectedfby the;elementévpf a single dish'is'
redundant forrsuéh séurceé.' Wé:may rembve this'fedundancy,
or 1a¢k éf.resqlutiop at reésonablefcost‘if we sacrifice
collecting area."We uée one small‘telescope as‘the central
surfacevelementFOf the,aperture ﬁo be synthesized while
another moVable'teléscopé proviaes otherbsurface’élements

of the synthesized éperture (Figure Al);“If the voltages'
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- Figure A2. Celestial sphere'wi
- baseline (B).

th source (Q)_ahd pole of:"'
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" from the two telescopes are multiplied'together and
smoothed the outputbis

L, itz y)

R(x, y) = Ve : :V(Av*.‘?»)' o

. where T(g,,y) = Q%Qfsihé(x,Y)'and V, is the letagé‘prO—v
duced by the source at each,telescope;f As.the earthlbl
lrbrotates; sin6 varies producing an approximately sinusoidal ;

 output called fringes. The phase T may be expanded about

some angle eo as
oD
r =200 ging  + == cose 46 o (a-4)

A 0 A 0

where the»firéﬁ’term is the»”ekpeétédjfiingeé»Which-is
removed dufing;reduétioﬁ ahd the,sécohdvﬁerm'is'the “gringe
phasé“.::Fof an extendéd‘séurCe; the-total résponse'bf'thé"
intérferometefiis just the‘inﬁegral of éhe separéte ="
responses of eqﬁation (A-3) to produce

:' | . oo . “ ’ i2ﬂ(ux+§y) |

"R{u,v) = ‘/f Jf dzdy T(x,yle o

. S~ : _ v

where the ekpécted fringe has beeh rémovédvahd.the phase

% coseOAG has been expressed in rectangular:coordinates;

- In other words, the interferometer directly measures the

visibility function.
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‘  Thétformulée fb£ sinéb,-u; and v mayvbé deriVed as

vfolibwsf fThe fhree points ihdigétéd §h thé Celestiai:-” J

'sphefé in,Figure'A2 ére the nérth‘celééﬁial éole P; tﬁe_v

fpéle bf thé éxtendedybaseiihéﬁBvana_the-scurcezQ;f~Thé 
 ‘hour anglevandvdeéliﬁatiOn bf the éburce,arevﬁxahdxé,f
‘_;fespeCtivély,'While_the cérresponding Quahtitiesffofvﬁhe 
béseline‘a:é H éﬁd'A,_ The'ahgle‘bé£Weén Q andMBbisvn/é—e. 

The law of cosines is used on the}trianglevPQB'to give

sin® = sindsinA + cosScQsACOS(h-H)';» 

‘The projeétion.of the baseline along constant 1ongitude is”

o

__ D 9sin®g.
A ST

= %&{%osésinA—sinécosAcOs(h—H{} :
and thé projection of the baseline'alohg constant latitude

is A o
u'=‘2' L 95100 = —72'¢056sin(h—H).
A cosd oh X '

Tﬁe choice of signs'for’u‘ahd v is a matter of cpﬁveption
’.while'the factor (l/cosé) éntefsvthé éqﬁéticﬁ'fof u so\fhét
X may bé éxpfessed in uniﬁs ofangie rathef.than time.'aAs
“the source changesvhour angle;.ﬁhé §aluesof‘u andvv:describe
‘ah ellipse in‘thé'(u, v) pléne; Tc;fullyjsample_the‘visie

bility function, weﬂobseryé the source through the
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available range of hour angle at a number of discrete
antenna separations D.

-The Hermitian property of thezvisibility function

is‘quite useful and eaSily derived. ‘Since the Visibility:,

function and the source brightness are a Fourier-transform

pair we may write

R . @ o R -i2ﬂ(quyy)“‘
- T(X,.Y)=@;u[.gj‘ dudv V(u,v)e - : .
: . Y=Y , ‘ , -

Writing ﬁhe visibility'fuhction as the sum of a‘real and -
imaginary part we obtain the imaginary part of T as
In(T(x, y)) =
ay[ Jndudv[l(u,v)c052ﬂ(ux+vy)~R(u,v)sin2ﬁ(ux+vy)] .

Since this must be zero we may'use the symmetry properties
of sines and cosines and the'independence of R and I to
 show that

R(u, v) = R(-u, -v) "

I(u, v) = - I(~u, -v)
or » : o . ‘
v(u, v) = V¥(-u, -v) .
Therefore we need sample the Visibility function over only
one-half of the (u, v) plane. This formalism is only a

more elegant way to expfeSS‘the fact that the ohlyv
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