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1. Introduction. The topics considered in this memorandum are
the optimal smoothing of noisy one-dimensional spectral line velocity
profiles, the estimation of moments and other parameters characteriz-
ing these profiles, the estimation of the uncertainties of these estimates,
and an investigation of their biases. Smoothing is an essential element
of the parameter estimation procedure, for it yields an estimate of the
mean profile shape. Usually, some of the parameters of interest depend,
either directly or indirectly, on the estimation of the location of a par-
ticular profile ordinate—perhaps on the location of the profile peak or
of the half-maximum. For example, this dependence is direct in an an
estimate of the 50% width (FWHM), and it is indirect in estimates of
the profile moments, if they are calculated over a data window centered
about the abscissa of the profile peak. Smoothing is desirable in that
it causes the estimates of the locations of particular profile ordinates
to become continuous functions of the measurement errors, and thereby
allows the calculation of meaningful error estimates. It is undesirable
in that it introduces bias, especially in the estimation of characteristic
widths (see e.g., Lewis [L]).

In §2 is outlined a method of variable data smoothing based on a real
parameter a. Appropriate choice of @ depends on the magnitude of the
measurement errors. If an a priori estimate of the measurement error
is available, then one can make a reasonable guess at an appropriate
choice for a. On the other hand, if it can be assumed that the errors
are independent and identically distributed (in particular, that there
has been no prior smoothing of the data), then a choice can be made
which is based on the data alone: For a particular choice of @, and
successively ignoring one data point at a time, the data are repeatedly
smoothed; and the optimal choice of the smoothing parameter is that
which yieids the least wean syuare daia prediction error—i.e., it is that
o which yields, on average, the best prediction of each missing datum.
This is the method of cross validation, described in § 3.

In §4 are defined some parameters—moments, etc.—which would be
appropriate for the characterization of a unimodal, or singly peaked,
emission line profile. This is so that an error estimation procedure can
be outlined in §5 and some test results presented in §6. An attractive
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point to emphasize is that these nonparametric error estimates can be
retrieved as by-products of the optimal smoothing method of § 3. For the
analysis of multimodal profiles or absorption line profiles, similar ideas
apply—but a useful characterization of a complicated profile necessarily
requires the estimation of a larger number of parameters than the num-
ber needed to characterize a simple profile. As this number increases, it
becomes more useful, perhaps, simply to look at a plot of the graph of
the mean profile estimate that has been derived through some technique
of optimal data smoothing, and to “let the data speak for themselves.”
In §7, brief attention is given to the application of smoothing techniques
to the problem of testing for multimodality.

To summarize, the method of analysis described below consists of three
parts: smoothing of the data, by the calculation of a spline curve which
passes near each of the data points, with particular attention to choosing
the proper degree of smoothing; computation of parameters (moments,
etc.) which characterize this curve; and estimation of the errors in these
derived parameters.

2. Smoothing. The reasons for smoothing the data are threefold:
1) to produce an aesthetically pleasing estimate of the mean profile
shape lacking (obvious) noise bumps; 2) to reduce the variance in the
parameter estimates (at the expense of increased bias); and 3) to make
the derived parameters continuous functions of the data, so that useful
error estimates can be obtained.

Let the observed profile—i.e., the measured intensity as a function of
velocity, at a particular position in the sky—be given by y; = f(v;)+¢;
fort=1,...,n, where f(v) is the true intensity as a function of velocity
and where the ¢; are independent zero-mean random variables of finite
variance o7, representing the measurement error at velocity v;.* Given
a smoothness parameter @ > 0, and given estimates &; of the o;, we
shall choose to minimize the quantity

n 2
yi — 8(vi)
S = _—
(%)
]

over all twice continuously differentiable functions s(v)}—subject to the
smoothness constraint

r'nl ’.‘l \\2 -

a=y () dv.

v
The solution &{e;v) is a cubic spline function, comprised of cubic pieces
pieced together at vg,...,v,—_;, with matching first and second deriva-
tives at these points, and satisfying &"(vy) = 8"(v,) = 0. For v €

*In §3 we shall assume, in addition, that the ¢; are identically distributed.
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[vi, vis1), we shall represent s by s(v) = ¢ip + ca(v — v;) + c2(v —
)2 + cia(v — v,)3, where ¢;; = 3U)(v;)/5!. The ¢i; are called the spline
coefficients. The larger that a is chosen, the nearer s(c; v;) stays to y;;
conversely, the smaller @, the smoother s becomes. In other words, a
measures the roughness, or “flamboyancy”, of #;* and S measures the
degree of “infidelity” of s, in its relation to the data.

A reasonable choice for & might be one such that the corresponding
value of S lies in the confidence interval n — /2n <S<n+ V2n.
An Algol subroutine for numerical computation of « and 8(e; v), given a
desired value of S, appears in Reinsch [R}]; a Fortran version of Reinsch’s
algorithm is given by de Boor [deB, Chapt. XIV}]; and another Fortran
version is included in the IMSL Library—this is the subroutine (ICSSCU)
which was used for the tests reported in §6. de Boor’s Fortran version
would have to be used in AIPS, because of the proprietary nature of the
IMSL library.

3. Optimal smoothing. In §6 it is shown that the estimation of
moments and related parameters of f, derived by calculating the cor-
responding parameters characterizing the smoothed velocity profile, is
very sensitive to the amount of smoothing that is chosen. In particular,
if one employs an automated procedure to pick out an interesting look-
ing “hump” in the smoothed profile, positions a data window in the
neighborhood of the hump, and then calculates moments over that win-
dow, then the velocity dispersion estimate is biased downward if too
little smoothing is used and may be biased severely upward if too much
smoothing is used. One might not expect this downward bias in the case
of too little smoothing; it evidently arises from errors in calculating the
appropriate placement, and width, of the data window.

For a particular choice of the smoothness parameter a, let 8(;)(a;v)
denote the smoothing spline that is obtained if the ith data point is
excluded from consideration. Then y; — 8(4)(a; v;), the data prediction
error, tends to be small (in absolute value) if the other data points, and
the chosen degree of smoothing, do a good job of predicting y;; and it
tends to be large otherwise. Selecting that value of a which minimizes
the mean square data prediction error

Q)= = " (s — aqales )"

is called the method of cross validation. Assuming now that the measure-
ment errors ¢; are identically distributed, we have a method of optimal
data smoothing in which the degree of smoothing is determined from
the data alone.

*This terminology is due to Silverman [S].
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Spline smoothing by cross validation is described in detail by Craven
and Wahba [C-W]|. This method is implemented in the IMSL Library
Fortran subroutine ICSSCV, which I have used for the test resuits
reported in §6. Obviously the idea of cross validation can be used in
many other applications; it is described in a broader context by Efron
(E1], [E2], and by Grace Wahba [W]. The latter reference describes
the application to ill-posed problems given noisy data (as in maximum
entropy deconvolution, choosing the trade-off between the entropy term
and the error term). An application in periodogram analysis, a problem
very similar to our own, is described in [W—W]|.

4. Moments, and related parameters. The first three (normalized)
moments of the smoothed velocity profile are given by

4, = / s(v)dv,
01
1 [

0y = — va(v)dv,
01 [ 2}

and 03 = N (v—02)%s(v)dv.
vy

Note that each of the integrals simply is equal to a weighted sum of
the spline coefficients. For example, 8; = ::: Ef‘-=o ci (5 + 1),
where A; = v;;;—v;. Three additional parameters, of particular interest
in the case of a unimodal profile, are

84 = the abscissa, vy, of the peak of s, 05 = 8(vo),

and 85 = % = Av.q, the equivalent width.
0 is the width of that rectangular profile whose integrated intensity is
the same as that of s, and whose peak intensity is the same as the peak
intensity of the smoothed velocity profile. Additional parameters, likely
to be more useful than 8,-8; for characterization of a noisy profile, are
the moments of the smoothed profile restricted to a narrow window W
centered about the abscissa, vo = 6y, of the peak of s (say, the window
W = [vp — Aveq, v0 + Aveq)):

r
07 = jw 8(v)dv,
0 = —1—-/ vs(v)dv,
0 Jw

and 0y = \/;—/w(v—og)zs(u)dv.
7
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(One wants to restrict the computation of moments to a narrow data
window in order to reduce the variance in the parameter estimates; but
the selection of the window can be the main source of of bias). 8 is
the velocity dispersion, over the window W, about the mean velocity
0g, calculated over the same window. (I've taken the square root here,
in hopes that the computed second moment will be positive). Often
other parameters than these—say, the 50% width (the FWHM), the
20% width, etc.—also are of interest.

5. Estimation of errors. Useful non-parametric error estimates can
be derived by a method which resembles cross validation, and, as a
by-product of cross validation. Of course, errors in the moments of
the unsmoothed velocity profile, computed over a fized data window,
follow from the standard mormal distribution theory (see e.g., Kendall
and Stuart [K-S, pp. 228-231]). But, more properly, the error estimates
ought to reflect the uncertainty in the choice of an appropriate data
window—so the matter becomes more complicated in the case of the
parameters 07-0y defined above. And, too, the matter is more compli-
cated in the case of any other parameters (say, the 50% width) which
depend on an estimate of the location of a particular ordinate or on an
estimate of the height of the profile peak.

The method described below, known as the jackknife, first was
described by Quenouille in 1949, and it was popularized in the 1950’s
by J. W. Tukey (of Cooley-Tukey FFT fame). The name jackknife was
coined because the technique is a tool, like the pocket knife, which can
be handy in diverse situations. For more thorough discussions of the
Jjackknife and related methods than that given here, see Efron [E1],
[E2].

Denote the (column) vector of parameters by ©, © = (4;,...,8)7,
and the vector of parameter estimates derived from cross validation by
0. Also, let é(,- denote the vector of parameter estimates derived by
ignoring the ith data point y;. (To do things completely correctly, each
é(,) ought to be obtained by a separate cross validation estimation,
but we shall settle for the é(,-)’s that correspond to the single optimal
a appropriate to the full set of observations).* Now, if we let ) i =
n6 — (n— l)é(,) and 8; = Ly é_,',-, then the jackknife estimate

of the covariance C of O is given by

*The IMSL Library subroutine for computation of smoothing splines by cross valida-
tion, based on an algorithm given in [Ul], requires O(n) arithmetic operations
when the abscissae are cvenly spaced, versus O(n2) operations when they are not.
(Normally the velocity abscissae are evenly spaced, but, of course, when a point is ig-
nored, the remaining abscissae no longer are equispaced—unless one of the endpoints
has been dropped). {Recently though, Utréras {U2] has published an O(n) algorithm
for the case of non-equispaced data).
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6 7 is called the jackknifed estimate of ©; it includes a bias correction
term which, in our application, often is large compared to the standard
error—so we shall ignore it. The estimate of the standard error of Ois
the vector of square roots of the diagonal elements of C. The matrix
of estimated normalized correlation coeflicients is obtained by dividing
each element of C by the corresponding pair of standard error estimates.

Matloff [M] gives a versatile Fortran subroutine for jackknifing—given
a user-supplied subroutine that is called repeatedly to compute the base
estimator (© above). Note that the jackknife is relatively expensive to
apply, requiring, in the analysis of a set of n data points, about n times
as much work as usual. For large data sets, when it is impractical to
apply the standard jackknife procedure, the data can be divided into
groups, and groups deleted one at a time.

8. Test results and examples. Several examples of the application
of cross validation and the error estimation procedure of §5 are given
below. More comprehensive tests, including comparisons with the tradi-
tional methods of profile analysis, may await practical experience with
the method.

Ezamples of cross validation, with varying S/N. In Figures la-1f, a
few sample results obtained by the cross validation technique are shown.
Here, n = 101, f(v) is a Gaussian, the ¢; are identical pseudo-random
normal deviates of zero-mean, with standard deviation o equal to the
maximum of f(v) divided by the indicated value of §/N, and the &; =
o in the definition of §. © is shown in the Figures (except that 8yq is
equal to the g of §4, and fp here is the velocity dispersion about vg).
Figure 1f, in which the signal to noise ratio (S5/NN) is equal to zero, is
particularly interesting in that it iliustrates the tendency for the cross
validation smoothing spline to approach a straight line coincident with
the v-axis whenever the data are well-behaved random noise.

Effect of varying the smoothing parameter. The effect of varying the
smoothing parameter is illustrated in Figure 2. Here f is as in the
previous example, S/N = 4, and a is chosen such that S, is equal to
n,n+ V2n. The cross validation curve also is shown. The cross validation
curve looks best, in that the width of the largest bump is closest to
ile widik of ibe vrue profie (similariy for the height). Un the other
hand, it has extraneous bumps, one negative and the other positive, at
v & .19,.67. Since these bumps do not appear when a is chosen such
that S,p is close to n, they mightn’t be considered real if this were 2
“real-life” situation (see §7).

Bias of the width estimates. In Figures 3a-3c are shown histograms
of width estimates (#g of §4), each based on 1000 trials, for the cases
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S/N = 3.333, 5, 10, respectively. Here again, f(v) is a Gaussian density
with standard deviation 0.05. The distribution of widths of the smooth-
ing splines derived by cross validation is shown in the top portion of
each Figure. The middle histogram shows the distribution of width es-
timates derived naively from the raw data—that is, the integrals were ap-
proximated by rectangular sums (i.e., sums of the form 6; ~ )" y;Avy),
and the height and the location of the profile peak were estimated by
finding max y,; the equivalent width was calculated in this naive manner,
as well. The bottom histogram represents widths that were estimated by
using the cross validation estimates of 84-8g to calculate the data win-
dow W, but then using rectangular sums and the raw data to calculate
6+, 03, and the second moment over W.

In Figure 3a, corresponding to the case S/N = 3.333, we see that the
cross validation width estimates are biased upward by 14% and the naive
estimates downward by 17%, but that the third estimates are biased
only by +0.7%. On the other hand, the variance of the width estimates
derived by the third method is significantly greater than the variance
of the width estimates derived by either of the other two methods. The
bias is significantly less for the higher signal to noise cases shown in
Figures 3b and 3c: for §/N = 5 we have (+8.8%, ~9.5%, +0.6%); and
for §/N = 10 we have (+4.3%,—3.7%, +0.5%).

The reason for the upward bias in the cross validation case is clear—it
is simply due to the tendency of any smoothing technique to fatten a
curve. However, as is suggested by inspection of Figure 2, the bias in the
width of the smoothing spline would be even greater if the curve were
derived not by cross validation, but rather by setting § = n, on the basis
of an a priori estimate of the noise, and using the smoothing method
of § 2. The downward bias exhibited in the case of the rectangular sums
is due to the severe underestimation of the equivalent width, which in
turn is due to the overestimation of the height of the profile peak; and
probably contributing too is a greater uncertainty in the location of the
abscissa of the profile peak. The third method appears somewhat more
attractive than the other two, except for the greater variance in the
estimated width.

Overall, cross validation generally seems not to broaden a profile much
more than is necessary in order to get a pleasing appearing representa-
tion of the data. In addition to the bias in the width estimate derived
Dy cross vaildaiion, there is a downward bias in the estimawe of the
height of the profile peak, and, hence, an upward bias in the estimate of
the equivalent width. It is this effect which probably causes the larger
variance of the width estimates derived by the third method; that is,
the better estimate of the center position, and the tendency to broaden
the data window, effectively remove the bias, but the noise added into
the rectangular sums at the edges of the window increases the variance.
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Ezample of the jackknife estimation of error. An example of parameter
estimates and error estimates, derived by the method of §5, is shown
in Figure 4. Here S/N = 5. © and 6 both are shown in the Figure,
along with the matrix C of estimated normalized correlation coefficients,
and the estimated standard deviations of ©. The matrix of correlation
coefficients is arranged in the straightforward manner; for example, the
observed correlation of the width estimate #;9 with the estimated height
of the profile peak is —0.63. I have not studied systematically the dis-
tribution of the jackknifed estimates © J, but their behavior has ap-
peared somewhat erratic in a number of trials similar to this one.

7. Testing for multimodality. Following an idea proposed by
Silverman (see [S], and references cited therein), suppose that one wishes,
in the analysis of a measured profile, to test the hypothesis that the true
profile has at least £ modes, or “bumps”, for some given & > 1. One
may search for the critical value a.;;, which is defined as the smallest
value of the smoothing parameter a for which &£ modes appear in s(¢; v).
The smaller a4, the greater the confidence level for the hypothesis that
there are indeed at least k modes.

Generally, too, one is interested in specific profile features, or par-
ticular bumps. Analogous tests can be constructed for these situations—
for example, one may search for the value @.n¢ at which a persistent
bump first appears in the neighborhood of a given profile abscissa.

The problem of constructing significance tables appropriate to these
situations merits investigation. A priori estimates of the &; appearing in
the definition of S in § 2 perhaps would be helpful here.

8. Discussion. Utréras’ work is quite important in our application,
for, by reducing the problem of selection of the optimal value of the
smoothing parameter to an equivalent eigenvalue problem, he decreases
the required computational effort roughly by a factor of n. Listings of
his computer programs are available in a technical report [U3]. [U2]
gives timing information for computation of smoothing splines by cross
validation: on an IBM 360/67 computer the quoted run times for n =
50, 100, 150, 200, 250, 300, 350, and 450 are .80, 1.14, 1.76, 2.47, 3.18,
3.79, 4.45, and 4.90 seconds, respectively. It is apparent that this method
is practical for single-dish radio astronomical applications, and, in a
limited sense, for aperture synthesis spectral line data reduction—but
propapiy not for iarge-scale aperture synthesis reduction. ¥ urchermore,
the reduction in computational effort by a factor of n applies only to
the computation of the cross validation smoothing spline, and not to the
jackkanife estimation of errors outlined in § 5; hence, my assertion in the
Introduction that these error estimates may be retrieved as by-products
of cross validatory data smoothing requires the obvious qualification that
this only is so provided that the smoothing is done by the naive, com-
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putationally intensive algorithm. Some of the computations profitably
could be performed in a high-speed array processor; but array processors
are not particularly well-suited to the task.

An obvious objection to the cross validation smoothing technique,
and to the error estimation scheme described here, is that, in actual
practice, the measurement errors ¢; are not independent. Generally the
data y; are averages of spectra, each of which is obtained by comput-
ing the discrete Fourier transform of a discrete correlation function
r(r;) = X, zi(tx)z2(tx + 7;), where z; and z, are stationary time
series. That the sampled values, z,(f), z2(¢), usually may be con-
sidered independent is not of much direct utility, because of the pos-
sibly large volume of such data. But, if one were willing to combine the
averaging operation with the operations of smoothing and parameter
estimation, then in cross validation and jackknifing one could delete
individual spectra rather than individual data points. If, for example,
there were N spectra of n points each, given by y,;, ¢ = 1,..., N,
7 =1,...,n, one would minimize S = YN, 2o (yii — 8(v;))?, sub-
ject to the smoothness constraint o = f:l "(8"(v))* dv; and select a
by minimizing a mean square data prediction error given by @(a) =
= Eﬁ_l et (vis — 8o u,-))2 , where now s(;) denotes the smooth-
ing spline obtained if the ith spectrum is excluded from consideration.
The jackknifed error estimates would be obtained analogously. If N were
too large for this method to be practical, one could divide the spectra
into groups, compute group averages, and then apply the cross validation
technique and the jackknife to these averages. One thousand indepen-
dent spectra, for example, might be divided into 25 groups of 40, and
cross validation applied to the resultant 25 independent mean specira.
Such a scheme as this would be practical in single-dish radio astronomy,
but probably not (at present) in aperture synthesis work (though, in
fact, the technique could be applied with as few as two groupings of
data).

References

[C—-W] Craven, P. and G. Wahba, Smoothing noisy data with spline functions:
estimating the correct degree of smoothing by the method of generalized cross
validation, Numerische Mathematik 81 (1979), 377-403.

[deB] de Boor, C., “A Practical Guide to Splines”, Springer—Verlag, New York,
1978,

[E1] Efron, B., “The Jackknife, the Bootstrap and Other Resampling Plans”,
Society for Industrial and Applied Mathematics, Philadelphia, 1982.

[E2] Computers and the theory of statistics: thinking the unthinkable,
SIAM Review 21 (1679), 460-480.

[K—S] Kendall, M. G. and A. Stuart, “The Advanced Theory of Statistics (Volume
1)*, Hafner, New York, 1969.

[L] Lewis, B. M., The precision of velocity measurements from HI profiles,
preprint, March 1983.




[M] Matloff, N. S., Algorithm AS 148: the jackknife, Applied Statistics 20 (1980),
115-117.

[R] Reinsch, C. H., Smoothing by spline functione, Numerische Mathematik 10
(1967), 177-183.

[8] Silverman, B. W., On a test for multimodality based on kernel density
estimates, MRC Technical Report No. 2181, Mathematics Research Center,
University of Wisconsin—Madison, Madison, February 1981.

[U1] Utréras Dfaz, F., Cross-validation techniques for smoothing spline func-
tions in one or two dimensions; In Gasser, Th. and M. Rosenblatt (eds.),
“Smoothing Techniques for Curve Estimation”, Lecture Notes in Mathematics
757, Springer-Verlag, Berlin, 1979, pp. 196-232.

U2l | Optimal smoothing of noisy data using spline functions,
SIAM Journal on Scientific and Statistical Computing 2 (1981), 349-362.

US| — . A packaege for smoothing noisy date with splines,
Technical Report MA-80-B-209, Department of Mathematics, University of
Chile, Santiago, 1980.

[W] Wahba, G., Practical epprozimate solutions to linear operator equations
when the data are noisy, SIAM Journal on Numerical Analysis 14 (1977), 851~
667.

[W-W] Wahba, G. and S. Wold, Periodic splines for spectral density estima-
tion: the use of cross-validation for determining the degree of smoothing,
Communications on Statistics 4 (1975), 125-141.

10



vr.LOCITV vriocityv

**41.33 04204 =-.-outl *39701 T.31544 *13233 |.001162 *.40004 =.=314* *.03143 %133 =341144 -0.00101 *34403 0.07413 *13434 | *2337 *3447# 0*43114 **43%4

* L NE**2

5-(on.i Sa76.*

* s oA | ni 1
M.TffKSn.4 | KSS WSSS55nSS'.-58 11 I
frifsttnmocfiM ;Shsi — i— ir.s- S ASSW - [ MM 1
i i sssss:fe» 1 IfLStE 1 HH Hs>snsn.-*sns
-*4634  0.4*241 0.0022* *.40141  7.*372* *.12174 *.44044 0.4*133 **4707  **47117 1.*4111  *41677 -*.00373 *.40043 0.0)IU2 *13234 | .*424* *401*3 **40«>3  **4flfc3

Fig. la. Cross validatory spline smoothing of a noisy Gaussian profile centered
at v= 04, and ofdlsPerswn equal to 0.05. The pséudo-random normal noise
tSu}s,\Im_ean1 0Sero and a standard deviation of 0.1 times the true profile peak (i.e.,



"21

plot

PLOT

Si"C.o0

i ns
s sl
1 o.*oreot si in
! ! i hi
-+ S5>SSS2#SSSSS -5t =
[ Sl Is* | |
| 1 SSSp i
s I I __ISSs | . I [
I SSSSSST T ssss I WRaSBWHWIMWKI
[ —i- e TR ii— -n —0.2%i>0 +
SR B : hes s i 0.2°>i>00 # i
- ssss |
[
VELOCITY VELOCITY
1.1*424 -.39726 *.01724 0.403*4 7.0*«.*3 0.1*5-1* 1.014** §.40144 ft.03301 0.0333* §.*4123 0.330'm  -0.004113 0.4«233 7. Aci«.7 0.13470 1.03303 0.34710 0.04433 0.0442*
0.14E%02
[ oo f
. STOCSA a
| | I I *.00F»00 #— 1-§=----1-§5———— JWSTSSS--~
UUSSsO IS KKSSSISS | Is# 1 sss s
¢ I [ I I I ssss i i snssss  sss  nsi i s*ss i
W B 1 KSHSd
[ SKIl FIW IKS* 11

-1-1--RSSSSSMI--1-
- il
us i i ss>s** |

s I*s
i fss
- SSSSNSSS o 1 " |
-0.20E»0| *1 [ I

VELOCITY IE-::l I
1.032*2  0.44413 -0.007** 0.34413  7.214c0 0.14s00

1.0401* 040183 0087117 0067112 - *3.14° 0.31C44 -0.03470 0.34201 0.9422| 0.0404 0.03433  0.34402 0.0423 0.04170

Fig. 1b. same asFig. 1a, except S/N = 5.



PLOT

fLer

[
I
! | <
| 11 i IR !
9 9
95n' 159 9 1
HOHS999 y*

L i
I9 |Q ]l | KSMS999 |
es 59 Srtss9sosssort |
sSS-i— —— ns9-
ww k=9 i -1 HY SSS S
. | ss9 : - 99 9 9 | RS599
i

VELOCITY
0.13706 1.07363

003331 0.09340

0.392111

0.44027 0.03701 0.39629  0.66034

VELOCITY
| #3220 0.3*590 -=(*3013 0.40643 «47630 0.13703 1.09467 0.39006 0.06270  0.06196 1.34647
y=9. %
1
16 90
»  ft.401+01
9 1 H
9 1 | . I
e 1 If 1 ggHssssgeml | |
. n ! 995555588
999557 911 9 55¢S58 5TtS599  KSS 1~ L I ﬂ WG 1 lw |
Si-99— — fee— — -N do— —9 9- SSSho °
1 NS 1 .= SHKSHO 91 KkwL i -
99SSS 1S595
*sn si i i
0| & FSS

~0.40KOl & | |

0.93004  0.40960 -0.02379 0.40213 6.01999 0.12766 0 99)66 0.39T63  0.03047 [eX}

VELOCITY
0.20282  0.137110

0.39719 0.70797  0.30494 0.03290 0.0*103

172039 0.39363 =>0.00266

Fig. Ic. Same as Fig. la, except S/N = 3.333.



- T4H3T -.=1431 9.39347
-.2<E01 *9
| S| . I's
- tiSSssssil sss  SS
.l I I ss
. n I
20

=.83160 *.36027 ==.=2400 =.84744

VELOCI Ty

0.44136 0 0043* =.73428  =.30147 =.=3318 =.=3003
I 1
I I I [N
I fsss
— [ 1—
ss i»;sSSS
SSSSSSSSS I
SNSSSS*
I 1 [
| |
VELOCITY
8790118  =.=4144  =.40400 =.44207 = <M20« =.=4174

Fig. 1d. same asFig. la,

LWI294  0.40Vle 01303 =.3*474
-.32r*02
H  =.126:02
- I 1S 1
< I
| ssssss
~.001*00 #-sss! nil—1— i—
1.32838  =.44477 -.-20S3  *30783

except S/N = 2.5,

vrLOCIT7

1.13227 =.34344

7401191  -.13443 =9470 0*3474

PLOT

€C.0

|sn 1

9 1
SItS. <Itk**1qi 1"

vrLocl 7Y

0.28237  =.14040 =.47788 9.34398  4.43934 = 03070



uss*
8 STL 88
>NSSS 1] ss*ss
6.00r.%00 *ss-

vrLoCITY

«.97707 0.23294 *0.61234 6.41416 0.14673 6.12002 6.03009 6.467112 6.64301 6.64330
-57. 1
| | .
] I_IPS
«NRfW* | I I PS
| — --ISSSSSSSWSSSSSSS-— = —
ssssssrts i sssraix
] ISSSSH
1
1 1
VELOCITY
l.inno3 6.31*76 -6.63343 6.39011 *.3719* 6.10*37 1.20213 6.41196 6.67033 6.67423

§? zr 1

H  *12»>42

o.4or.«*i &

1 o nsan>
sssssssssss— | — ~ ss—i— sssn—m
| fs | I gSVSbH
| 1'5555558 n
ViLOCITY
31404  6.84662 6.607*6  6.40630 6.0*372 6.1*424 1.13U22 6.42436  6.04967 6.04204
7,719
[
6.40001 & |
ss 1 |
| 1 1
ft
0SSSSS8 Itsss
- - - 22275 8SSSSS —-1-SSSMK————
| |
|
VELOCITY
tMTM  *.m M «*1141  *4112* 107411 *30732 141)14 1.D4H  <=111*1 *11114

Fig. IE. same as Fig. 1a, except S/N = 2.



I
bl s e Ll

| | 9*S4**(«KeSSNM<C*)I

= byiribvnti i 1 e n soror e nSSSSmiS<S

=<
r.x<5 *
VTLoOoCI TV
VLLOCI TV
1139711199  *11011)2 -e.e:nni  |.00002467. I3iti« ~ =.461962102.10490 | .=1330 =.236110 =.3.1443

-2H9.07710 -0.83491 -0.0970(1 =.0111296014.04094 -0.01307* eseeseees 32712 «.14149 =.10063

« g . ol 1 | . 11 S9
fl_li .1 1 1fsa cib 4 Ionn o smt
i s KB ; 0.n0r.»04 |

d ||
a %SSSW tiPSSSI

>>>>>>> Mo® n 3 .

» oL
...0L.00 -mrntii «.4.iz.on «.»ofo» = nci-o.

= 40F..00 o.uocull O .KCXI

W.MM. iw L tMI #W4aM villciTt

Elgb If. Same as Fig. 1a, exceﬁt SIN = 0—ie. the data are pure noise.
This behavior is typical; with n = 101, about half the time the smoothing curve
obtained by cross validation is a straight line of nearly zero slope. This desirable
tendency IS accentuated when n is inCreased.



ini i s

ss us
1SSl | ss
1 s i -
CWW I—— 1--——S5-1— |- fs i_sss t . i sss | 1 ss  ssssni t 1 ssss
usssssssmt i - - - +-nssssns-1-——— nsss—— 1--1 — —1= ssstnssnssss—----—- Inksssnss--1—
| T\ sss+ss1s 1 . SSSSSSS | | 1 isfpsspn<s 1 1
[ [Nl i 11 ]1]_ 1
ULOCITT
vcLocITV
sss 1 |
I ss 8 | I |
1 s
sn
1 ss
1 I I s T
s1 1 17 sw
in 1 isssss 1 1 I 11 sss | Sss*
S s iss sw sss sns>s 1 sssss
—snssnss— 1———sn--i- S 1-SSaS | MPS— —  1-*HSSSSSS*I— — — 1= —snssrtsssss—— --ft:SSSSS»S--1—
ss 1 ssi  Tsssssss 1 nssssssnsss 1 1 1 sssssns 1
ssssss ) "5 | T |
| (I [ [ | ! i hi !
vVtlocITT VELOCITY

Fig. 2. The effect of varying the smoothing parameter. Here a is chosen such
that%opt~ n>ni "2n. Thecross validation smoothing spline also is shown.



1
1
4 : | 'Ae<X]|
73 1 e<
73 J 1
71 1
64 1
67 1
63 - 1
63 i
61 i
39 [N
37 111
33 1
33 n
31
49
47
43
43
41 1n
39
37
33
33
31
29
27
23
23
21
19 #
17
13
13
11
9
7
3
3
CLASS 3
0.b c./r
stx A
pii
: MM
AFIARARA
‘
Iy
i
11
CLAG *d 231 O-j' 33 4#

Fig. 3a. Histograms of width estimates, based on 1000 trials. The true

e\gm% gnot'ov“;’i &(%&47&7[? dw§1m cglcylgagtgd by integrating over a window of twice the



XS

0dd

—zE
=t = _H =
”n”nummmmmmmmmmmmhmmmmm
TcZIHa-EE P E, £
mm”mnunnnmmmmmmmmmm ==

63 70 73 6# B3

60

34~ 33 40 43

23

eEe
SES
. imnmmmmmmumwm
TEIEIZEEEREEEE S TppgBRaT
- CTEEEEEEEE" ... _EE7-Cf5
BT iieeeeeeltiiiasE
EEEEEE eIz
==Zg
ox ok x By
morgmm
SRR

20 23 33
“OH V (

1S

(=)
—
=
=

w
+—
=l
—

=
Lo

\Val

o o
< 7
(&)

_—
— I

- um.mmmmmmm%m.mmmmmm
~E-zCegsedHg 33—

«

mroDtrtcr-
110
107
104

Fig.3b. SAME aSFig. 3a, eXcept S/N = s,



” ¢ oit vl fafics

WHw—" @
J'FI Sf* -0 18

<rnip
o**"
£* %
$'ty. << .
Illeé
ﬂ CROSS /%l A*~teg
i>o ARG I
! I [ <K M-y U

jg  fis™<

i
e
[RRRNARAN
[P FARAREA}
il
3 2* 23 3*1 33 4* 43 3 33

Fig. 3c. Same as Fig. 3a, except S/N = 10.

2-7



PLOT

24 RERSXR +x +

9.16E+02

0.14E+02

0.12E+02

0.10E+02

0.80E+01

0.60E+01

o =) v U O 1) ) R e

9.40E+01

9.20E+01
1
1 1 I1II

ns
SSss 1

i&=ﬂ+ﬂﬂNﬂ#Iklﬂ#ﬂﬁiﬂ0“'1“0‘!““0'““”0!“!“

1]
7]

s$=82.5

1 1
| ¢ I 1

ISS 1t 1
§s 11 1

[4/]
LaX ]

SSSSS
9.00E+00 SSSS-——--SSS——SSS
I SSS I
I 1111
1

1 1 1
-0.20E+01

(A EREER R RN
=

SS
SSSMSS| —~-ISS:
11

IR A EE R R I'ER R R EREEEEEEREEERERNERERNEREEREEIENENXENRERIRE:S R

+
0.40E+00

-0.40E+01

0.00E+00 0.20E+00

VELOCITY

ﬁ
9 - (0.95764 0.30832 -0.03729 ©0.40023 7.782095
/ / / / /

e e e e et e et e e = o

0.60E+00 0.88E+00 0.10E+0!

g

!
0.12306 , 1.03836 0.40193  0.05207 0.05204)
/ / / /

A
- - ey
93 f(] :02833, 0.31753, -0.00015, 0.33736, 12.17077, 0.08164, 0.94442, 0.37 532, 0.04477, 0.04399 )
0.24926 0.09778 0.05866 0.02326 2.35577 0.02482 0.14620 0.01273 0.00801 0.00868
S 1.60000 9.59764 0.78089 -~0.24910 0.30013 0.63962 0.82659 -0.23471 9.39100 0.51263
9.59764 1.00000 0.87678 ~0.04599 0.053766 0.48987 0.40309 0.00268 0.46664 0.42005
J("‘ 9.700489- 0.87678 1.00000 -0.04018 0.03342 9.65750 0.52829 0.01520 0.6310+% 0.357306
-0.24910 ~0.04399 -0.04018 1.00000 - -0.76254 0.41049 -0.10083 0.96126 9.31545 0.46832
0.300:3 0.05766 0.03342 -0.76254 1.00000 -0.510603 0.11514 -0.74974 -0.35940 -0.63227
0.63962 0.4189487 0.65750 0.41849 -0.51600 1.00000 0.65278 Q.410829 0.953714 0.9399%
0.82659 0.405309 9.52029 -0.10003 0.11514 0.65270 1.00000 -0.10027 0.34423 0.32337
~0.22471 0.00268 9.01320 0.96126 -0.7497+4 0.41829 -0.183827 1.00000 0.33017 0.44472
0.391060 0.40664 0.63104 9.31345 —-0.33940 0.95714 0.544203 0.33017 1.06000 0.97787
0.5(9068 0.42003° 0.57506 0.46852 ~0.63227 0.93994 0.52337 0.44472 0.97787 1.00000
,‘- t J A
71 ‘X' z IFJ; y ‘(/;3[
N . tCe H
cot
V‘OJ’¢A (x 1V
Fic. 4. An example of ecrror estimates derived by the procedure
outlined in §5. Here S/N = 5, and the true parameters are

(1.0,0.4,0.0025, 0.4,7.9788,0.1253,0.9878, 0.4, 0.04776, 0.04770).

21



