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Introduction. Here I want to discuss data tapering, or windowing, as it relates to the “FX”
spectral processor design under consideration for the VLBA. Since sidelobes of sharp spectral
features contaminate adjacent regions of the cross-spectral estimates, control of these sidelobes—
which is most easily accomplished via time-domain windowing—may be one of the critical factors
in achieving high spectral dynamic-range.

A summary of the current design for the FX processor is given in Escoffier and Greenberg’s
VLBA Memorandum No. 72 (July, 1986). In this design, pairs of quantized recorded signals are
read from magnetic tape, with appropriate synchronization and delay. “Fringe rotation” is applied,
and re-quantized samples of the data, representing finite length segments of two (complex) random
processes, z(t), y(t), 0 <t < T, are fed in chunks, K of them, each of length L, to the FFT processor.
The estimate of the cross-spectrum G:y(f) is an average of periodogram estimates based on these
(possibly overlapping) data chunks,

K
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Here, w(t) denotes the data window, or taper; and b is the time offset between adjacent data chunks.
(1 - b/L) is the fractional overlap: b = L corresponds to 0% overlap and b = L/2 to 50% overlap
(these are probably the only two choices that will be allowed by the VLBA processor; further, some
modes of operation may offer no capability for overlap).

In the above I have given a continuous formulation, but we are actually dealing with a set of
discrete samples, z(ts), y(tn), n = 0,..., N, uniformly spaced in time, and our Fourier integrals
above actually correspond to FFT’s in the FX processor. This is unimportant in most of the
discussion below. -

To see why data windows other than w(Z) = constant might be appropriate, consider the case
K = 1. In this case, the cross-spectral estimate @,y( f) is simply a raw cross-periodogram based
on N data samples—not an average of periodograms. According to the statistical literature (e.g.,
[6, p. 211], [7, p. 265 f.]), the raw (i.e., untapered) cross-periodogram is not a consistent estimator
of G;y(f): as you allow N to increase, the variance of the estimate does not decrease. (Rather,
what happens is that the additional data allow you to obtain essentially statistically independent
estimates of G at a larger number of frequencies than you could have before.)

There are a number of ways to reduce the variance. One is to average the cross-spectral estimates
over frequency. Since convolution is a form of averaging—transforming to the lag domain, tapering
the cross-correlation estimate, and transforming back, is a special case of averaging. Another method
which is essentially equivalent to averaging in the spectral domain is to apply a time domain taper
before computing the periodogram; what this yields is an estimate of the convolution of Gz (f) with
the square of the Fourier transform of the time domain taper, i.e., with [W(f)|?; this is essentially
equivalent to tapering the cross-correlation function with the autocorrelation of the time domain
window. Another way is to divide the data into K > 1 possibly overlapping chunks, compute K
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Fig. 1—Comparison of direct spectrum estimates using different data windows. The
plotted curves are the average over 2556 data sets.

Figure 1. Spectral bias, or leakage, is especially evident here in the “valley” region which is marked by an arrow.
(Adapted from (1, Paper II, Fig. 1}.)

periodograms, and average. For non-overlapping chunks, this results in a variance reduction by a
factor equal to 1/K. )

The method of variance reduction which would seem most natural for the FX correlator is
a combination of periodogram averaging with time domain tapering. Since the expected value
of a cross-periodogram estimate is the true cross-spectrum convolved with the spectral window
[W(£)|? (see [1]), the sidelobes of the spectral window are a source of bias in the neighborhood of
any sharp spectral feature. At the expense of spectral resolution, one can simultaneously achieve
variance reduction and bias reduction, via appropriate segmentation, windowing, and overlap. (In
the literature the method we are using is often referred to as the WOSA method: the method of
Weighted Overlapped Segment Averaging. It’s also sometimes called the Welch Method, having first
been described at length by Welch {8] in 1967.) When K is large—as it will be, I believe, in all
VLBA applications—time domain windowing is used more for purposes of bias reduction than for
variance reduction.

For an illustration of this spectral bias (which is often called spectral leakage in the literature),
see Figures 1 and 2. The first figure shows (auto-) spectral estimates computed using different data
windows. The curve labeled “default periodogram” corresponds to a uniform time domain window—
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Figure 2. An extreme example of the problem of spectral bias. A sophisticated data window was used to obtain the
spectral estimate shown by the lower curve. Almost all of the spectral features are obscured in the upper curve, which
is a smoothed version of the average of “raw” periodograms (no tapering). (Adapted from {1, Paper II, Fig. 18}.)

i.e., to no tapering; the other curves correspond to heavier tapering. The default periodogram
estimates in the “valley” which I have marked by an arrow are biased heavily upward by the relatively
high sidelobes of the (sinc?) spectral window, because of the sharp spectral peaks surrounding the
valley. An extreme example of this effect is shown in the second figure.

Also evident from Figure 2 is that workers in other fie! 's are interested in obtaining much
higher spectral dynamic range than we probably are (note th: : this spectrum, which is plotted on
a logarithmic scale, covers nearly 16 decades in power!). Thus, many of the spectral windows that
are described in the literature (probably including Hanning) should not be of much interest to us:
they sacrifice too much in resolution, in order to achieve extremely high rates of sidelobe decay.
Nevertheless, D. J. Thompson in [1] comments that

Very few spectra resulting from physical processes are so uninteresting that the “elimination” of

tapering is ever advisable.

Quantized windows. The currently proposed design for the FX processor uses crude precision
binary floating-point arithmetic within the FFT modules: 5 bit mantissas and 4 bit exponents
(counting the sign bits) for data and for intermediate results, with the real and imaginary parts
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of each complex datum sharing the same exponent. It uses 6 bit mantissas and 4 bit exponents
to represent the FFT “twiddle factors” (roots of unity). Data sequences at the input to the FFT
modules can be tapered by a quantized data window represented in floating-point arithmetic with
5 bit mantissas and 4 bit exponents. (Some numerical simulations performed by John Benson have
suggested that 8 bit mantissas may be required.)

One question is whether the standard data windows, represented with this degree of precision,
retain their gross properties and their overall effectiveness. To answer it, I quantized a few of
the standard data windows, computed the corresponding spectral windows (the squared magnitude
of their Fourier transforms), and compared these with the spectral windows corresponding to the
unquantized data windows.

A sample result is shown in Figure 3. The unquantized data window is shown at top left, and the
quantized version at top right. The middle two plots show the inner portions of the corresponding
spectral windows. I've labeled the abscissae of the plots of the spectral windows in units of 1/T,
where T (for the next few paragraphs only—I don’t want to relabel my plois) represents the total
width, in time, of the data window. (With factor-of-2 zero-padding, the output points of the FX
processor would be spaced at (the customary) increments of %; without zero-padding the spacing
would be 1/T.)! The bottom pair of plots shows the far sidelobes of the spectral windows: what’s
interesting to note here is the rate of sidelobe decay and the degree of “hash” in the spectral window
corresponding to the quantized data window.

In the Appendix I show a number of other examples. In all cases, the first few sidelobes of the
spectral windows show very little distortion due to quantization; in particular, the first two sidelobes
generally agree very closely. By a frequency of 5/T considerable distortion begins to show up. For
each window pair the spectral envelopes of the far sidelobes generally are fairly similar, though the
envelope of the quantized data window generally is more reluctant to fall below about 10-.

For comparison, I show in Figure 4 the (sinc?) spectral window which corresponds to uniform
weighting. Its first sidelobe is at a level of ~ 0.0456 (—13.41 dB). At a frequency increment =~ 10/T
from a strong spectral line the sidelobes would limit the achievable dynamic range to 1000:1, roughly
speaking.

Quantization of typical data windows to 5 bit mantissa, 4 bit exponent, appears to do little
harm except to the far sidelobes of the spectral windows. Since it is easy to keep these below, say,
105 or 1075, and since we’re probably content with spectral dynamic range limits of 10* or so, this
quantization evidently is not a problem. Many of the typical data windows (Hanning, for example)
have far higher rates of sidelobe decay than we would require, at considerable expense in spectral
resolution (see page A-1 of the Appendix). For example, the window shown in Figure 3 has a first
sidelobe level that approximately matches that of the Hanning window, but its main lobe is a bit
narrower.

Often, in other applications, it doesn’t matter very much if the resolution is decreased a bit
due to tapering, because one c¢an then just use longer FFT’s, but fewer of them, to recover the lost
resolution. In the case of the FX processor, however, the FFT size is restricted (tentatively, at least)
to 2048 points. .

Crude-precision FFT of a quantized window. I hadn’t intended in this memo to investi-
gate the implications of crude-precision arithmetic in the FFT modules of the FX processor, since
that’s a matter distinct from windowing considerations. However, a plot that I showed off at meet-
ings of the VLBA correlator group generated a bit of interest at those meetings, so I'm including it
here in Figure 5. Figure 5 compares a high-precision FFT (essentially an exact Fourier transform)
of a quantized data window with a crude-precision (5 bit mantissa) FFT of the same window. The
crude-precision FFT was computed using a subroutine from John Benson’s simulation program on
the Convex. What is of interest is the “ringing” artifacts evident in the lower right hand panel of
the Figure.

1To generate the plots shown in Figure 3 and in the Appendix, I used 2048-point discrete data windows and 16384-
point FFT’s., This yielded points spaced at an increment of ?lr . Factor-of-2 zero-padding is customary because it leads
to no information loss. The matter of zero-padding—which we have first seen discussed by O'Sullivan (NFRA Note
No. 375) and then in VLBA Correlator Memoranda Nos. 66 and 67, where it is dubbed “O’Sullivan zero-padding” —too
is discussed in detail in a 1967 paper, [9], by Bingham ¢t al.
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