
VLB ARRAY MEMO No. . 
VLBA Fringe Phasing Error 

John Granlund 

February 20, 1987 

[VLBA Correlator Memo 
(870225) 

1. Introduction 

The phases of a correlation function and of the corresponding correlator 
count, at the same lag, generally disagree. The difference is between phase 
after quantization but before quantization-correction on the one hand, and phase 
either before quantization or after correction on the other. 

A preliminary analysis considered the effect of quantization on the correlation 
coefficient 

P • C O S B)T 

of a strong, narrow spectral line. If p is the result of performing Van Vleck 
correction on the correlator count r of a two-level correlator according to 

p - sin (~) , 

the two-level correlator count in this case must be 

2 - 1 2 - 1 
r * - sin p - - sin (cos wx) . 
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This is a sawtooth waveform having equal rates of rise and fall. Its peaks, 
troughs, and zeros agree with those of cos UT, but its phase alternately leads and 
lags the phase of cos wx. At most, when wx « 26 degrees, the sawtooth leads the 
cosine in phase by 6.65 degrees. This phase error is signal-dependent: As 

Rhomax = {[ p(x) |} 

is reduced, making the portion of the correction curve that is actually used more 
nearly a straight line, the phase error is also reduced t.oward zero. 

To correct for source position, the earth's rotation, and.local-oscillator 
drifts, it has been VL3I practice to phase shift the quantized signals.by amounts 



that would properly complete the phase corrections if these phase shifts were, 
instead, applied to the signals before quantization. At this time, VLBA plans 
call for a continued use of this erroneous VLBI fringe phasing practice, and, to 
make matters worse, there is much interest in observing water masers and other 
strong, large-Rhomax sources. The purpose of this memo is to investigate the 
effects of adopting the current VLBA phasing plans. 

Current VLBA plans call for the use of Nobeyama* s FX correlator, but it 
should be emphasized that the phasing error under consideration is neither caused 
nor influenced by this choice; the same error would be produced by a lag correlator. 
The trouble is that the right phase shifts are being applied in the wrong places. 
These erroneous applications are (1) fringe phasing before FFT and (2) fractional 
bit-shift phasing after FFT; phasing error would be eliminated entirely if these 
two were, somehow instead, done either before quantization or after quantization-
correction. The view that the "twiddle-factor" phasing within the FFT is also 
incorrect can, I suppose, also be justified, but I prefer the view that the FFT 
of an incorrect quantity is being correctly obtained. I shall confine attention 
in this memo to the effects of (1) fringe phasing before the FFT. 

2. Analytical Methods 

It will be noted that the preliminary analysis of the spectral line was 
completed by dealing with correlations and correlator counts — and perhaps also 
their Fourier transforms — without the need to treat the corresponding random 
signals using Monte Carlo techniques. This has saved much time, and it has 
produced results that are good to the full machine accuracy of my desktop computer, 
but it has prevented me from simulating anything but full machine accuracy phase 
shifting, FFT computation, etc. The investigations of this mono will be completed 
in the same way. 

2.1 Phase and Phase-Shifting 

What is the phase of the sawtooth-shaped correlator count, and, while we're 
at it, what is the amplitude? And how do phase and amplitude vary with lag? In 
the case of p(x) » cos wx, we insist that we "know" that the phase is tux and that 
the amplitude is always 1, but if we weren't so damn sure of ourselves, we could 
calculate phase and amplitude in a way that applies equally well to any real 
waveform, including the sawtooth-shaped count: 

Use the Fourier transform to calculate the spectrum of p(x). 

Double the positive-frequency spectral components and discard the negative-
frequency components. 

Transform back to obtain the complex lag function p(x). 

Because it has no negative-frequency spectral components, this complex function 
of lag is analytic in the upper half of the complex x-plane. Following customary 
signal processing useage, I ' ll call it the analytic signal, or, in the case of a 
correlator count, the analytic correlator count. In the .case p(x) » cos tux,, the 
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analytic correlation coefficient comes out p(x) - e T . The amplitude of p(x) is 
|p(x)|, the phase is Arg[p(x)], and these statements apply to any real Fourier-
transformable waveform p(x). It may be noted that the so-called complex cross-
correlation measured by the VLA is exactly the analytic cross-correlation in the 
sense of this memo. 

Although the three-step computational procedure outlined above is numerically 
by far the most efficient when the Fourier transform can be approximated by an 
FFT, the procedure can be easily simplified — taking special care with limits 
and limit-taking — to read 

p(x) - p(x) + j H{p(x)} , 

in which H{p(x)} is the Hilbert transform of p(x) in the sense of Schwartz [1966], 
or the negative of the Hilbert transform of p(x) in the sense of Bateman, Titchmarsh, 
and, I suppose, Hilbert, himself. From this it is evident that 

Re{p(x)} - p(x) and Im{p(x)} - H{p(x)} . 

From the foregoing, it is clear that a version of p(x) that has been advanced 
in phase by 8 can be expressed as 

Re{p(x) e j 6 } , 

and this observation is the key to the phase-shifting method that will be used in 
this investigation. There are, however, several peculiarities that should be 
understood before the method is used. 

One would like to be sure that the result of advancing the phase of a waveform 
by 6, followed by retarding the phase by 8, is the original waveform. But the 
Hilbert transform of a constant — the result of retarding the phase of a constant 
waveform by 90 degrees — is zero. So all of, or part of, a constant waveform 
may be lost by first advancing and then retarding its phase by 8. Since phase 
shifting is a linear operation, we must conclude that phase advancing a waveform 
by 8 and then phase retarding the result by 8 will remove some of the average 
value of the waveform, and this is not acceptable. But the correlations, correlation 
coefficients, and correlator counts to be dealt with here all diminish rapidly 
enough with lag so that 

T 

I " " - 2T p ( x ) d T " 0 ; 

their average values are all zero before any phase shifting, so there is no problem. 
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This happy conclusion must be changed considerably when the Fourier transforms 
used to evaluate the phase-shifted waveforms are replaced by FFT's. p(t) is then 
taken to be periodic with a finite period T, so its new average value may no 
longer be zero. Since the average value of a waveform is proportional to its 
zero-frequency spectral component, we conclude that phase shift calculations 
using the FFT will not be accurate if the waveform has a d-c spectral component. 
A similar difficulty accompanies the highest-frequency spectral component, whose 
waveform is sampled just twice during one of its periods; phase shifting this 
waveform can make it zero at sample time. Thus, in using the FFT to calculate a 
phase-shifted version of a waveform, full accuracy can only be obtained if its 
spectral components at zero frequency and at half of the sampling rate, w, are absent. 

If spectral components at the frequencies 0 and w/2 are to be removed, this 
must be done before quantization; it would not do to sample and quantize, FFT, 
and then to set these spectral components to zero. In fact, it should be remembered 
that spectral components offset from the two "target" frequencies by ± (integer)* w 
will be aliased by the sampling process to the target frequencies, so these offset 
components should also be removed. In total, spectral components at d-c, ± w/2, 
and all harmonics of ± w/2 should be removed before quantization. However, my 
results show that when the spectral components at the target frequencies after 
aliasing are only moderately weak, their effects on the rest of the spectrum 
after processing are too small to be noticed. 

Finally, in doubling the positive-frequency spectral components and discarding 
the negative-frequency ones, when using the FFT to determine the analytic signal, 
it should be noted that spectral components at the target frequencies are shared 
between the positive and negative frequencies. If these specific spectral components 
are not be removed, they should be retained but should not be doubled at this 
step of the process. 

2.2 The Simulation 

An unquantized test correlation is given a phase lag 6, such as might result 
from propagation or local-oscillator drift. This phase-shifted correlation is 
normalized to produce a correlation coefficient and quantized, as in the preliminary 
analysis of the introduction, to produce a correlator count. The phase-shifted 
correlator count is next advanced in phase by 9 to produce a fringe-rotated 
correlator count. We would like to believe that, after quantization correction 
and un-normalization, this function is exactly the original test correlation, 
but, of course, it is not. 

In accordance with current VLBA plans, the fringe-rotated correlator count 
will be averaged over a time interval involving many revolutions of 6 to reduce 
the variance of the result before the last steps of quantization correction and 
un-normalization are applied. Although the first results of this investigation 
omit this average over 6, the more pertinent results include it. The computations 
for these latter results are block diagrammed in Figure 1. 

The first line of Figure 1 is an initialization that produces the analytic 
correlation, used in the second line to calculate the phase-retarded correlation. 
The second line completes the average over 0 of the fringe-rotated correlator 
count. It is followed repeatedly, once for each point used in calculating the 
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average. The values of 0 used are uniformly distributed over one revolution, the 
last point taken at E s 2TT; the number of points is noted. The signs in the FFT 
blocks are the signs of the exponents used in the FFT kernels; thus FFT~ calculates 
a power spectrum from a correlation, and FFT+ calculates a correlation from a 
power spectrum. In all cases, a 1024-point FFT has been used. On lines 1 and 3, 
"Spect" means a power spectrum, but on line 2 it means the spectrum of a correlator 
count. "Spect4-" and "Spect-" mean the sets of positive- and negative-frequency 
spectral components, respectively. 

The normalization and quantization blocks of Figure 1 deserve consideration. 
For all tests, a correlation has been chosen that reaches its maximum absolute 
value at zero lag, and this value is positive. But in the introduction, it was 
suggested that the parameter that best describes signal strength is Rhomax. 
Evidently normalizing the zero-lag correlation C(0) produces 

Rhomax = ^ ^ , 

which can be used to determine the normalizing power A for a given Rhomax. For 
the two-level correlator, I have used the arc sine and the sine for quantization . 
and quantization-correction, as in the introduction. For the four-level correlator, 
I used a pair of very tight rational-function fits to the correction curve that 
were obtained by Fred Schwab for the equal-threshold case n - 3, vQ > 0.995687. 
(See VLBA Correlator Memo No. 75 for notation.) The quantization curves came 
from reversion — solving for r vs. p — of the correction curves. For the low-
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range fit, 0 £ |p| £ 0.9, an odd polynominal in - sin p that produced an rms 

—8 

error of fit to the quantization curve of 1.7 x 10 was used. Newton's method 
produced full machine accuracy for the high range. 

3. Results and Discussion 

Two different test correlation functions have been used, the second suggested 
by results from the first. The reasons for this and several other changes are 
incorporated in the discussion. 

3.1 The Notched Spectrum 

Figure 2 shows the aliased spectrum of the truncated autocorrelation function 
of white noise filtered by an appropriate IF filter. Also, shown dotted, is the 
real and positive power spectrum of this noise further filtered by a notch filter -
that has been contrived to make spectral differences as evident as possible. The 
Fourier transform of the notch filter's power gain has been windowed to round — 
very slightly — its sharp corners. The autocorrelation function corresponding 
to this notched spectrum is chosen as the first test correlation. It is expected 
that distortion products, caused by the fringe phasing error under investigation, 
will partially fill the notch and thus provide some estimate of the dynamic range 
of spectral determination when current VLBA phasing plans are employed. 

Figures 3 through 6 show results for two-level quantization; Figures 7 
through 10 show results for four-level quantization. 
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